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PREFACE. 



This work on elementary Geometry is offered to those who 
desire to make themselves familiar with the general princi- 
ples of the science in the limited time usually allotted to it. 
Beginning with simple definitions, and with postulates and 
axioms obvious to every one, it develops, in an unbroken 
series of propositions, the essential truths of Geometry. It 
differs alike from those treatises whose main object is to pre- 
sent the subject in its shortest and simplest form, and from 
those which are exhaustive and comprehensive in their scope. 

The student does not meet at the outset, as in most modem 
Geometries, a collection of theorems involving constructions 
which he has not been taught to perform, but a simple prob- 
lem ; and, as he needs them, he finds other problems, so that 
no figure is called for which he has not the means to construct 
accurately and intelligently. He is impressed with the logical 
idea that correct conclusions can only be deduced from known 
premises, and he acquires practical skill in construction by 
applying the problems to every proposition. 

While the basis of elementary Geometry is, and must ever 
be, contained in the works of Euclid, modem geometers, 
especially in France, have made important additions and cor- 
rections. Euclid's methods are sometimes cumbersome, and 
his omissions, especially in solid Geometry, are serious ; yet 
years of experience attest the beneficial results of his teaching. 
His students think accurately and scientifically, and their 
training shows itself in their fiiture work. 

It has been an aim, in the preparation of this treatise, to 
incorporate with these advantages the improvements and 
additions which recent study has suggested. While thus 
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increasing the scope of the work, its size has Deen kept down 
by such an arrangement of the problems and theorems as 
secures the simplest demonstrations. 

Part I. treats of Plane Geometry. The order of propo- 
sitions here adopted, seems to accomplish, as ftiUy as possible, 
the two ends of keeping practice always in advance of theory, 
and removing difficulties, as much as strict logic will permit, 
from the path of the beginner. These ends gained, the intro- 
duction to the science becomes interesting and suggestive. 
Analyses of the proof, showing at a glance the relations of 
the different parts of the demonstration, are given at the close 
of some of the propositions ; thus the student has the choice 
of two statements, which will assist each other in giving a 
correct understanding of the methods. At the end of each 
book is a collection of exercises for original investigation and 
practical application. They are so explained that the average 
student should be able to solve them unaided — ^not so difficult 
as to cause him to give up in despair, nor so easy as to be of 
no interest or value. A collection of rules for the mensura- 
tion of plane surfaces, and a number of examples in them, 
complete Part I. This part is bound separately for the con- 
venience of those who desire such a limited course. 

Part II. contains three books, treating respectively of the 
geometry of planes, of solids, and of spherical geometry, with 
accompanying exercises. The rules for the measurement of 
geometrical solids are collected; a few additional rules in 
mensuration, not previously referred to, are proved, and 
numerous examples given. 

Part III. contains an introduction to Modem Oeometry, 
the name usually given to the discoveries in pure geometrical 
science, made since the advance in this direction was stayed, 
for a time, by the brilliant prospects opened by the Analytical 
Geometry of Descartes. For much of this part the author 
is indebted to the Traite de Geometrie of Rouche et de 
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INTRODUCTION. 



EXPLANATION OP TERMS. 

The study of form is the basis of Geometry. A cubic foot 
of matter may be in the shape of a ball, or of a cubical block, 
or it may be irregular. When thus regarding only the amount 
of material, no attention is paid to the outline ; Geometry, how- 
ever, considers the outline to the exclusion of the amount of 
matter which it encloses. 

A geometrical sphere is not a sphere of iron or wood, but a 
sphere of empty space. It is therefore an imagmary solid, 
which cannot be perceived by the senses, and for which we 
must use some representative, as a ball or a diagram, in order 
to describe it. It is a type of one claas of geometrical mag- 
nitudes — solids. 

These ideal portions of space are bounded by surfaces 
without thickness. Here, again. Geometry deals with the form 
of the surface. The surface may be flat, so that a straight- 
edged ruler, in whatever direction it be laid, will touch along 
its length, or it may be curved. It may, if flat, be limited 
by straight lines or curved, by lines of equal or unequal 
length, etc. 

If, now, we suppose the edge of the ruler to be without 
breadth, we obtain an idea of a new kind of magnitude — a 
geometrical line. As solids are bounded by surfaces, so sur- 
faces are bounded by lines. Lines are also imaginary, having 
neither breadth nor thickness. We use marks to represent 

7 



8 INTRODUCTION. 

them in our books. The form of the line is again important, 
whether it be straight or curved, long or short. 

These remarks prepare the way for the more concise defini- 
tions which follow. 

1. Geometry is that science which treats of the properties, 
relations and measurement of magnitudes. 

Any solid may be considered as having three dimensions — 
length; breadth and thickness. A geometrical solid is the 
portion of space enclosed within the boundaries of a physical 
solid. These boundaries are surfitces ; the boundaries of sur- 
faces are lines, and lines are limited by points. The term 
magnitudes applies to solids, surfaces and lines. A solid has 
extension in three directions, a surface in two, and a line in 
one. A point has no magnitude. 

2. A proposition is a general statement. It may be a 
theorem, problem, axiom or postulate. 

3. A theorem is a statement which it is required to prove. 

4. A problem is a question which it is required to solve. 

5. A demonstration is the course of reasoning by which 
the theorem is proved or problem solved. 

A theorem may be proved either directly or by showing 
that an absurdity would result if it were supposed untrue. 

6. An axiom is a self-evident proposition requiring no 
proof. 

Such as : The whole is greater than a part. 

7. A postulate is something to be done which is so simple 
that no one will hesitate to allow it. 

Such as : Two points may be joined by a straight line. 

8. A corollary is a consequence drawn from a preceding 
proposition. 

9. A scholium is a remark made upon a preceding propo- 
sition, showing its limits or application. 



INTRODUCTION. 



9 



10. An hjrpothesis is a proposition assumed to be true in 
order to argue from. 



The following expressions show the meaning of signs used 


through the book: 




A^B 


means that A is equal to jB. 


A>B 


(( 


A is greater than B. 


A<B 


€€ 


A is less than B. 


A^B 


t( 


A is added to jB. 


A-B 


U 


B is subtracted from A. 


Ax By or 


A.B " 


A is multiplied by B. 


A 
B 


(( 


A is divided by jB. 


2A 


ii 


A is taken twice, or A+A. 


A' 


ii 


A is taken twice as a factor, or Ax A. 



A ABC means the triangle ABC, as distinguished from the 
angle ABC. 

.'. means therefore. 

Figures in parenthesis through a demonstration, thus, (1. 15), 
(VI. 2), refer to the previous proposition in which the state- 
ment was proved, meaning (Book I. Prop. 15), (Book VI. 
Prop. 2). 

(^Hyp.) stands for Hypothesis. 



CAx.-) 


" Axiom. 


CPost.) 


" Postulate. 


iCor.) 


" Corollary. 


(Sch.) 


" Scholium. 


(Comtr.) 


" Construction, 



PART I. 
PLAISrE GEOMETRY. 



BOOK I. 

LINES, ANGLES, TRIANGLES, PARALLELOGRAMS. 



DEFIJflTIOJfS. 
Point. — Line. — Surface. 

1. A point is that which has position, but not magnitude. 

2. A line is that which has length, but not breadth. 

The extremities of lines are points. The intersection of 
one line with another is also a point, 

3. If a line preserve the same direction throughout, it is a 
straight line. If it change its direction at every point, it is a 
curved line or curve. 

Corollary. Two straight lines cannot enclose space; neither 
can they coincide in any two points without coinciding al- 
together. 

4. A surface is that which has length and breadth only. 

5. A plane surface is one in 

which, if any two points be taken, 
the straight line between them lies 
wholly in that surface. 

6. Parallel straight lines are such 

as are in the same plane, and being pro- 
duced ever so far both ways do not meet 

11 
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Angle. 

7. A plane rectilineal an£^e is the inclination to each 
other of two straight lines which meet. 

If a number of angles be at one point, as B, they are 
designated by three letters, of ^ 
which the middle one is at the 
vertex of the angle. Thus, DBC 
means the angle formed by the 
two lines DB, BC. K there be 
but one angle at a point, as at E, 
it may be designated simply as the angle E. 

8. When a straight line standing 
on another straight line makes the 
adjacent angles equal to each other, 
each of them is called a right angle, 

and the straight line which stands — 

on the other is called a perpendicular. 



9. An obtuse^ angle is one that is 
greater than a right angle. 






10. An acnte^ fEogle is one that is less than 
a right angle. 



Figure. 

11. A figure is the space enclosed by one or more bound- 
aries. 

V 

12. Rectilineal' figures are those contained by straight 
lines; 

13. Triangles* by three straight lines ; 



* 0bttL8U8y \A\xnt. 
^Acuius, sharp-pointed. 



" BedttSj right ; lineay a line. 

* lYeSj triUj three ; anguluSj a comer. 
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14. Quadrilaterals' by four straight lines ; 

15. Polygons' by any number of straight lines. 

Triangle. 

16. Considering only the sides of a triangle, 
an equilateral' triaoigle is one which has 
three equal sides. 







17. An isosceles^ triang\e is one which has 
two equal sides. 



18. A scalene*^ triangle is one which has 

three unequal sides. 



19. Considering only the angles of a triangle, 
a right-angled triangle is one which contains 
a right angle. 

20. An obtnse-ang;led triangle is mie 
which contains an obtuse angle. 



21. An acnte-angled triangle is one which 
contains tlp:^g^acytp angles. 

^ Quadrilateral. 

22. Of quadrilaterals, a parallelogram is one which has 
the opposite sides parallel to each other. 

^ Quatuor, four ; latus^ a side. 'EquuSy equal, latua, a side. 

^Pdyy many; goniay an angle. ^ Isos, equal; scdos, a leg. 

^SccUenus, unequal. * 
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23. A square is one which has all its sides 
equal, and all its angles right angles. 



24 A rectangle^ is one which has its 
opposite sides equal and all its angles 
right angles. 



25. A rhombus is one which has all its sides 
equal, but its angles not right angles. 

26. A rhomboid is one which has its opposite 
sides equal, but all its sides are not equal, nor its 
angles right angles. 




Z__A 




27. A trapezoid is one which has one 
pair of opposite sides parallel 



28. A trapezium is one which has no 
two sides parallel. 



29. The diagonal' of a quadrilateral is a 
straight line joining its opposite angles. 

Circle. 

30. A circle is a plane figure, enclosed by 
one line, which is called the circumference, 
and is such that all lines drawn from a cer- 
tain point within the figure to the circum- 
ference are equal to one another. 

^Beelusj right ; angvlua, an angle. 'Did, through ; gonia, an angle. 
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31. These lines are called radii^ and this point is the cerdre 
of the circle. 

32. A diameter of a circle is any straight line drawn 
through the centre, and terminated both ways by the circum- 
ference. 

33. A semicircle \& tiie figure contained 
by the diameter and the part of the circum- 
ference cut off by it 

34. The perimeter of a polygon is the sum of the lines 
which bound it. The perimeter of a circle is its circum- 
ference. 

Fostolates. 

1. Let it be granted that a straight line may be drawn 
from any point to any other point; 

2. That a terminated straight line may be produced to any 
length in a straight line ; 

3. That a circle may be described from any centre, with a 
radius equal to any given line. 

Axioms. 

1. Things which are equal to the same thing are equal to 
one another. 

2. If equals be added to equals, the wholes are equal. 

3. If equals be subtracted from equals, the remainders are 
equal. 

4. If equals be added to unequals, the wholes are unequal. 

6. If equals be subtracted from unequals, the remainders 
are imequaL 

6. Things which are doubles of the same thing are equal 
to one another. 
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7. Things which are halves of the same thing are equal to 
one another. 

8. Magnitudes which coincide with one another are equal 
to one another. 

9. The whole is greater than its part. 

10. All right angles are equal to one another. 

11. Two straight lines which intersect each other cannot 
both be parallel to the same straight line. 

12. The shortest distance between two points is the straight 
line which joins them. 



Note. — The student should carefully construct all the figures he uses 
in the following propositions, drawing perpendiculars, equal angles, 
squares, etc. accurately with ruler and compass, 
and by the methods described in their proper 
places. He may also impress upon his mind 
the truth of some of the theorems by actual 
experiment To illustrate: The 30th Prop, of 
Book I. proves that the three angles of any tri- 
angle are equal to two right angles. Let him 
draw, on paper, triangles of various shapes, and 
cut them out; then cut off two of the angles, 
and place them contiguous to the third. 

Analyses are given to some of the propositions of Book I. As the 
exercise is very useful, the student is advised to continue it through the 
work. ' After the examples given, he need have but little difficulty in 
applying analyses to most propositions ; indeed, he will find it to lessen 
the labor of understanding and remembering the proofe, by giving him 
a correct and comprehensive idea of the method. 

He should be careful, in studying a demonstration, to understand the 
reason of every step. Nothing is assumed except the definitions, postu- 
lates and axioms ; and every statement may be referred to these, or to 
some previous proposition which itself is founded upon them. Taking 
them for granted, the whole geometry follows as a logical necessity. A 
thorough, honest mastery of the first half of the first book will make the 
remainder of geometiy, and higher mathematics founded on geometry 
interesting and comparatively easy. 
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The method oisQally followed in the propositions is — 

1. A general stalemeni or enunciation of the theorem to be proved or 
problem to be solved. 

2. A resiaiement of it as applied to the particular figure on the paper. 

3. The construction of any additional lines which may be needed to 
prove the proposition. 

4. The proof, which terminates with the statement which we wished 
to prove. 

5. Any eoroUariea or 9cholium8 which may attach to the proposition. 



Beststement. 



Constraction. 




Proposition 1. 
JProblent. — From the greater of two given straight lines, to 
cut off a part equal to the less. 
Let AB and C be two straight 
lines, AB being the 
greater: it is required 
to cut off from AB a part equal 

to a 

With the centre A, 
and radius equal to C, 
describe (Post 3) a circle, cutting 
AB'mD. 

AD IS & radius of the circle, and is therefore 

equal (Def. 30) to C. 
Note. — ^A small arc cutting AB in D is sufficient in practice. 

Proposition 2. 

Theorem* — Two sides of a triangle are together greater 
than the third side. 

'Restatement. ^* ^^^ ^ ^ *"^^g^^ J ^^y 

two sides are together greater 
than the third. 

Because (Ax. 12) the shortest 
distance between two points is 
2* B 

*& 



Proof. 



Proof. 
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the straight line which joins them, the line BC ia the shortest 
distance from B U) C, and is therefore less than BA and A C. 
Therefore BA and ^.C are together greater than BC. In the 
same way, any other two sides may be shown to be together 
greater than the third. 



Bestatement. 



Construction. 



Proposition 3. 

Problem. — To construct a triangk, having given ike three 
sides. 

Let J., -B, C be the three sides of a triangle : 
it is required to construct it. 
It is a neces&ary condition that any two of the sides be 
greater than the third. 

Lay down the 
indefinite line 
DE, and from it cut off (1. 1) 
i>jP equal to ^, With Das 
a centre, and radius equal 
to jB, describe (Post. 3) the 
circle GHK. With i'^ as a 
centre, and radius equal to 
C, describe (Post. 3) the 
circle GKL, From G, where 
these circles cut, draw (Post. 

1) the Imes (?Z>, OF. The triangle GDF is the required 
triangle. 

Because DG is a radius of the circle OHK, it 
is equal (Def. 30) to -B; and because FO is a 
radius of GKL^ it is equal to C; and DF was made equal to 
A ; therefore GDF is a triangle having its three sides respect- 
ively equal to Ay By C. 

Scholium. — In practice we need not describe the whole 
circle. Two small arcs intersecting at G will be sufficient. 




Proof. 
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CaroUary. — If the triangle is to be equilateral (Def. 16), 
it is only necessary to know one side, AB. 

From A and B, ivith radii equal to AB, 
describe (Post. 3) arcs of circles cutting in C. 
ABC is an equilateral triangle. 

Proposition 4. 

Thearefm. — If two triangles have two sides and the induded 
angle of one, eqvxil to two sides and the induded angle of the 
oilier, each to each, the triangles will be equal in all their parts. 

Let ABC, DEF be two triangles which have BA, AC, and 
the angle A, equal to ED, DF and the angle D, each to each; 
then will the triangles be equal in all their parts. 

Let the triangle ABC be applied ^'^ 
to the triangle DEF, so that A shall 
be on D, and AB on DE. Then, 
because AB is equal to DE, B will 
coincide with E; also because the 
angle BAC is equal to the angle 
EDF, AC wiU coincide with DF, 
and because AC ia equal to DF, C 

will coincide with F. Hence, B coinciding with E, and C 
with F, BC will coincide with EF, and the triangles will 
coincide, and are therefore equal (Ax. 8) in all their parts. 

Scholium* — ^This proposition shows that if we have two 
triangles of any shape, in which we can find two sides of one 
equal to two sides of the other, and also the angles contained 
by these equal sides equal to each other, it is safe to conclude 
that the triangles are every way equal. It is important to 
remember that those angles will be equal which are opposite 
to the equal sides. 

Thus, suppose we know that in the two triangles ABC and 
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ABDy AB is the same in both, ^C is equal to AD, and the 
angle CAB, included by the sides CA and AB, is equal to 
the angle DAB, included by the sides DA and AB. We 
thence infer, from the preceding proof, 
that the triangles are equal in the follow- 
ing respects : 

1. Their areas are equal. 

2. Their other sides, CB and D-B, are 
equal to each other. 

3. Their other angles are equal to each 
other, viz., the angles ACB and ADB, 
which are opposite the common side AB, are equal to each 
other; and the angles ABC and ABD, which are opposite 
the equal sides A C and ADy are equal to each other. 




Proposition 6. 

Theorem. — If two triangles have two angles and the in- 
cluded side of one, equal to two angles and the included side of 
the other, each to each, the triangles mil be equal in all their 
parts. 

Let ABC, DEF be two triangles which have the two 
angles ABC, ACB, and the side BC, respectively equal to 
DEF, DFE, and the side EF, The triangles will be equal 
in all their parts. 



\ 



Apply the triangle ABC to the 
iriangle DEF, so that B will be on 
E, and BC on EF; and because 
^C is equal to EF, C will coincide 
with F. Because the angle ABC is 
equal to the angle DEF, BA will 
coincide with ED ; and because the 
angle BCA \& equal to the angle EFD, CA will coincide 
with FD\ hence the point A, which is the intersection #f the 
two lines BA and A C, will agree with the point D, which is 
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the intersection of the two lines ED and DF. Therefore the 
triangles will coincide altogether, and will be equal in all their 
parts ; and the equal sides will be opposite to the equal angles. 

Proposition 6. 

Theorem. — If two sides of a triangle are equal to eadi 
other J the angles which are opposite to them will also be equal 
to eo/ch other. 

Let ABC be a triangle having the 
side AB equal to the side AC\ then will 
the angle ACB be equal to the angle 
ABC. 

For if -4 CS be not equal to ABC, one 
of them must be the greater. Let ABC 
be the greater, and suppose BD to be 
drawn making the angle ABD equal to 
the angle A CB, 

In the two triangles ACB and ABD, AC is equal (Hyp.) 
to AB, the angle A is common to the two triangles, and, by 
the supposition, the angle A CB is equal to the angle ABD. 
Hence the two triangles ABD and A CB have two angles and 
the included side of one, equal to the two angles and the 
included side of the other. They are therefore equal (I. 5) in 
all their parts. Hence the area of ADB is equal to the area 
of ABC, a part to the whole, which is impossible (Ax. 9). 

The supposition that one of the angles ABC and ACB is 
greater than the other thus leads to an impossibility; it is 
therefore untrue, and ABC is equal to ACB. 

Note. — This method of proof is called an indirect demonstration — 
sometimes reductio ad ahmrdum. The theorem is proven to be true by 
showing that any contrary supposition leads to an absurdity or impos- 
sibility. 

Corollary, — Every equilateral triangle is also equiangular. 

For, all the sides being equal, the three opposite angles 
must all be equal. • 
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Proposition ?• 

Problem. — To bisect a given rectilineal angle. 

Let BA C be a rectilineal angle. It is required to bisect it 

Take any point D, in ABy and 
from AC cut off (1. 1) AE equal to 
AD', join DEy and on it describe 
(I. 3, Cor.) the equilateral triangle 
DFE\]omAF. J.i^ will bisect £^ G 

Because the two sides AD and A E 
of the triangle ADE are equal to 
each other, the opposite angles AED 
and ADE are equal (I. 6) to each 
other ; also because FD and FE of 

the triangle FDE are equal (Def. 16), the opposite angles 
FED and FDE are equal (I. 6) to each other ; therefore the 
whole angles AEF and ADF are equal (Ax. 2) to each other. 
Now the triangles ADF and AEF have (Constr.) AD equal 
to AE, and DF to EF, also the included angle ADF equal 
to the included angle AEF; hence (I. 4) the triangles are 
equal in all their parts, and the equal angles are opposite to 
the equal sides, viz., the angle DAF, opposite DF, is equal to 
the angle EAF opposite to EF. Hence BAC is bisected by. 
the line AF. 

The proof is summarized in the following 

ANALYSIS. 
(ByCor\ntT.\AD = AE; 

.'.{I.6hAED^ADE\ 
(By Constr.), FD = FE ; /{Ax. 2) ADF= AEFs. 

. • . (1. 6), FED = FDE^ AD = AE-^^l, 4) DAF-^ EAF. 

Note. — The inclined lines show that the preceding statements unite 
to prove the following one, with the aid of the reference at the apex. 
All the difierent parts of the proof are shown to be necessary to the 
conclusion. • 
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SehoHum. — By the same construction, each of the halves 
DAFy EAF may be again bisected, and thus by successive 
bisections a given angle may be divided into 4, 8, 16, etc. 
equal parts. 



Proposition 8. 

Theorem. — If two triangles have two rides of one equal to 
two sides of the other, each to each, bid the angles contained by 
these sides unequal, the third side of that which has the greater 
included angle wHl be greater than the third side of the other. 

Let ABC, DBF be two triangles, having the sides BA, A C 
equal to ED, DF, each to each, and the angle BA C greater 
than EDF; then will BChe greater than EF, 

Construct (I. 3) the triangle 
DEO, having its sides equal to 
the sides of ABC. Bisect (I. 7) 
the angle FDO by D-ff, meeting 
EG m H\ join FH. 

Because DO and DF are both 
equal to J. C, they are equal to 
each other. Then in the tri- 
angles DHF, DEO, DF is equal to DO, DH common, and 
the angle FDH equal to GDH, therefore (I. 4) FH is equal 
U>GK 

^ovf{i.2),EH+EF>EF, or EH^HO>EF; 
EO or BC is greater than EF. 




TTG 



ANAIilTSIS. 
(Ax.l), DF^DChs,^^ 
(Constr.), FDH= OD^ (I. 4), FH= GH>. 

DH common.'^ yEG> EF^ 

(I. 2), EH^ HF> EF^ /BO EF. 

(Constr.), EO^BC^ 
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CkyroUary. — The converse of this theorem is true. 

If the. two triangles ABC, DEF have AB and AC equal 
to ED and DF, but BG greater than JKF, then will the angle 
BA C be greater than the angle EDF. 

For, if it is not greater, it will be either equal lo it or less. 
It is not equal, for then we would 
have two triangles, having two sides 
and included angle respectively 
equal; hence the third sides BC 
and EF would be equal (1. 4). Nor 
is BAC less than EDF, for then 
(1. 8) 5C would be less than EF. But (Hyp.) JBC is greater 
than EF. Hence BA C, being neither equal to nor less than 
EDF, must be greater than EDF. 

Propositioii 9. 

Theorem* — If two triangles have three sides of one equal to 
three sides of the other, each to each, the angles will be eqiwl, eCLch 
to each, the equal angles being opposite to the equal sides. 

Let ABC, DEF be two triangles 
having the sides of one equal to the 
sides of the other, viz., AB to DE, 
AC to DF, and BC to EF; then will 
the angles be equal to each other 
which are opposite these equal sides, 
viz., C toF, B to E, and A to D. 

For if the angle A were greater 
than the angle D (the two sides BA, ^ 
AC being equal to ED, DF), the side BC would be greater 
(I. 8) than the side EF; and if the angle A were less than 
the angle D, the side BC would be less (I. 8) than the side 
EF, But (Hyp.) BC \a equal to EF. Hence the angle A is 
equal to the angle D. In the same way it could be proved 
that B is equal to E and C to F. 
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Definition. — ^Two triangles which have their sides equal, as 
in the above, are said to be mviuaUy equUatercJ, and when 
their angles are equal, each to each, they are mviualfy equi- 
angular. Hence mutually equilateral triangles are mutually 
equiangular. 

Note. — The oonyenBe of this, that mutaally equiangular triangles are 
mutually equilateral, is not necessarily true. When a proposition is true • 
its converse is usually true, though not always. It is never safe to 
assume it 

Proposition 10. 

!Pr€blem. — To bisect a given finite straight line. 

Let AB be a straight line. It is required to bisect it. 

Describe (I. 3, Cor.) on AB the equi- 
lateral triangle ABCy and bisect (I. 7) the 
angle A CB by the line CD, meeting AB in 
-D ; then will AB be bisected in Z). 

Because in the two triangles ADC, BDC, 
AC is equal to CB, CD is common, and 
the angle A CD equal to the angle BCD, 
therefore (I. 4) AD is equal to BD, and AB is bisected in D. 

AI9^AIiirSI8. 
(Def. 16), ^O-^CK,^^^^ 

CD common^ (I. 4), AD=£D. 
(By Constr.), ACD= BCIX 

Proposition 11. 

Probt^em. — To draw a straight line at right angles to a 
aiven straight line from a given point in it 

Let AB be a straight line, and C a given point in it. It 
is required to draw from .C a straight line at right angles 
t^AB, 

Take any point D, in A C, and cut off (I. 1) from CB, CE 
3 
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equal to CD. On DE describe (I. 3, Cor.) the equilateral 
triangle DjPE; join CF. CF is at 
right angles to AB, 

Because in the triangles DCF^ 

^ECF, DC is equal to EC, DF to 
EF, and CF common, therefore (1. 9) 

I the angles DCF, ECF, opposite the 
equal sides, are equal. But when a 
straight line standing on another straight line makes the adja- 
cent angles equal to each other, each of them is a right angle. 
(Def. 8.) Therefore CF is at right angles to AB. 




ANAI.Y8I8. 



(By Ck)n8tr.), -DC= CE> 
(Def. 16), DF=EF- 

CF common/ 



{J.9),DCF=ECF. 



Proposition 12. 

JE^robiem. — To draw a straight line perpendicular to a given 
straight line of unlimited length, from a given point without U, 

Let AB be a straight line, and C d point without it. It is 
required to draw from C a perpendicular to AB. 

Take any point, D, on the oppo- 
site side of ABy and from the centre 
C at the distance CD, describe 
(Post. 3) the circle FDO, cutting 
AB in F and O. Bisect (I. 10) 
FO in H, and join CK CH is 
perpendicular to AB. 

Because in the triangles FHC, GHC, CF is equal (Def. 30) 
to CGy FH to OH, and CH common, therefore (I. 9) the 
angles CHF, CHO, opposite the equal sides, are equal. 
Hence (Def. 8) CH is perpendicular to AB. 
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Proposition 13. 

JPnMem. — At a given point in a straight line to make an 
angle equal to a given angle, " ^ 

♦ ^ X . . I^t -4 be a given point in the line AB, and 

Bestatement. r^-ryr, • it. . i -i 

DEF a given angle. It is required to make an 
angle at A equal to DEF, 

D and F, m the sides 
of the angle, and join DF, Con- 
struct (I. 3) the triangle A GHy 
making AG = ED, AH= EF, and 
GH-^DF, 
„ , Then because the 

two triangles EDF, 
AGH are mutually equilateral, 

the angles DEF, GAH, opposite the equal sides, are equal 
(I. 9 . Therefore at A the angle BAH has been constructed 
equai to DEF. 

Proposition 14. 

JProhlem. — To constnuit a triangle — 

i. Having two sides and the included angle given ; 

2, Having two angles and the included side given, 

1. Let A, By and CDE be two sides and the included angle 
of a triangle. It is required to construct it. 

Lay down the indefinite line 
FG, and from it cut off (I. 1) 
FH equal to A, At F make 
(L 13) the angle HFK equal to 
CDE, and cut off (I. 1) FK 
equal to B ; join HK, Then 
the triangle FHK is the re- 
quired triangle. 
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2. Let Ay JB, C be a side and the two adjacent angles of a 
triangle. It is required to construct it. 

Lay down the indefinite line d 

DE, and from it cut off (1. 1) 
DF equal to A. At D make 
(L 13) the angle JKZ)(? equal to 
B ; and at F, DFQ equal to 
a Let the lines DG, FO 
meet in G ; then DFO is the 
required triangle. 




F s 



Proposition 15. 

Theorem, — The angles which one straight line makes vrUh 
anotlier on tlie same side of it, are together equal to two right 
angles. 

Let AB make with CD the two adjacent angles ABD, ABC, 
and let R denote a right angle ;, then will ABD^ABC^ 2jR. 

Draw (L 11) ^JS^at right angles to CD, 
Then CBE =E and EBD = E, Also 

ABC-- CBE +ABE''B+ABE, 
and ABD = EBD - ABE » jR - ABE. 
.-. (Ax. 2) ABC^ABD = 2R. 



Propositioii 16. 

Theorem, — If at a point in a straight line, two other straight 
lines on opposite sides of it, make the adjacent angles equal to two 
right angles, these two lines are in the same straight line. 

At the point B in the straight line AB let BC, BD be 
drawn, making the sum of the angles ABC, ABD equal to 
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two right angles ; then will B C and BD be in the same straight 
line. 

For if BD be not in the same line 
with CB, suppose BE to be in the same 
line with CB. 

Then (LW)ABC+ABE^2R; 

but (Hyp.) ABC^ABD^ 2R. c ^ 

.\(^Ak.1)ABC^ABE=ABC^ABD. 

Taking from both ABC, then ABE=ABD, the less to the 
greater, which is impossible. Therefore, BE is not straight 
with CBy and no line but BD is. Therefore, CBD is a straight 
line. 




(By supposition) ABC\ 

+ ABE^2B 
{BjHjp.)ABC+ABD] 

=2jB 



AKAIiTBIS. 

ABC+ABE 
^ABC-^ABD 
ABC" ABC 



d|>(Ax.3) 



ABE" ABB. 



Propositloii 17A 

Theorem. — IJ tfvo gtraighi lines cui each other^ ike vertical 
or opposite angles are eqwd. 

Let AB and CD cut each other at E] then will -4-ECbe 
equal to BED, and CEB to AED. 

Because GEA, CEB are adjacent 
angles, they are together equal to 
two right angles (I. 16) ; for the 
same reason CEB, BED are to- 
gether equal to two right angles; 

therefore (Ax. 1), CEA and CEB are equal to CEB and BED. 
Take away from both the common angle CEB, and the re- 
mainders AEC, BED (Ax. 3) are equal. 

In the same manner it may be proved that CEB is equal 
i/[>AED. 

3* 
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ANAXiYSIS. 

CJorMary 1, — Hence, all the angles at the intersection of two 
straight lines, are equal to four right angles. 

Corollary 2. — Also, all the angles made by any number of 
Knes mating m apoiid, are equal t^four right angles. 



Propositioii 18, 

Theorem. — If one side of a triangle he produced, the 
exterior angle is greater than either of the oppodte interior 
angles. 

Let the side BC of the triangle ABC be produced to D; 
then will A CD be greater than either ABC or BAC 

Bisect (1. 10) AC m E; join 
BE, and produce it, making EF 
equal to BE; join FC 

Because in the triangles ApB, 
CEF, AE is equal to EC, BE 
to EF, and the angle AEB to 
the angle CEF (I. 17), there- 
fore (I. 4) the angle BAE is 
equal to the angle ECF. But 
^CF is less than ^C!Z>. There- 
fore ECD or A CD 18 greater 
than ^4 C. 

By producing -4 C to O, we may prove similarly that BCO 
(or A CD) is greater than ABC 

ANAIiYSIS. 
{By Const.), AE^EC^.,^^^ 

BE^EF-^ (I. 4), ^^E-^OF 
(L ^7). AEB = FECK ACD>ECF^^^^^^^^' 
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Proposltioii 19. 

Theorem. — Any two angles of a triangle are together less 

ihan two right angles. 

#■ 
Let ABC be a triangle ; any two of its angles are together 

less than two right angles. 

Produce J5C to i>. / 

Then, because A CD Is the exterior angle -^ 

of the triangle ABC, it is greater than 
ABC. To each add ACB; then 

ACD+ACB>ABC^ACB; 
but (1.15), ACD^ACB'-2B; 
ABC^ACB<2B. 

In the same way the theorem may be proved of any two 
angles of the triangle. 

Proposition 20. 

Theorem. — Tlie greater side of every triangle has the 
greater angle opposite to 'it. 

Let ABO be a triangle, in which AC is greater than AB; 
then will ABC be greater than ACB. 
' Cut off (L 1) from AC, ^D equal to 
AB, and join DB. 

Because ADB is an exterior angle of the 
triangle DBC, it is greater (I. 18) than 
the opposite interior angle DCB. But 
(I. 6) ADB = ABD ; . • . ABD >ACB; therefore still more 
ABC>ACB. 

AWAIiYSIS. 
(1.18), ADB>ACB 

(I. 6), ADB=ABD>^^^^^^^>ABO>ACB. V 

{Ax.%ABC>ABD 
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Proposition 21. 

Theorem. — The greater angle of every triangle has the 
greater side opposite to it. 

Let ABC be a triangle in which the angle ABC is greater 
than the angle ACB; then will ^C be 
greater than AB. ^ 

For, if not, it must be equal or less. 'It 
is not equal, because then ABC would be 
equal to (I. 6) A CB, It is not less, for 
then ^-BC would be less than (I. 20) 
ACB, Therefore it is greater. ^ ^ 

Proposition 22. 

Theorem. — If frma the ends of one side of a triangle ifwo 
straight lines he drawn to a poiiU within the triangle, these lines 
will be less than the other sides oj the triangle, but mil contain 
a greater angle. 

Let ABC he B, triangle, and BD, CD 
be two lines drawn from B and C Ui D 
within the triangle ; then will BD and 
DC be less than BA and A Q but BDC 
will be greater than BA C 

Produce BD to E. 
« Then (L 2), CE+ED>CD. 
Add to both BD, then 

CE^EB>CD+DB; 
also (L 2), BA'^AE> BE. 

Add to both EC, then 

BA+AOBE+EC. 
But BE^EC>BD+DC; 

BA+AOBD+DC. 
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Again, because BDC is the exterior angle of the triangle 
CDE, 
(1.18), _ BDODEC. 

Also because BEC is the exterior angle of the triangle BEA, 
(1.18), BEOBAC; 

hence BDC>BAa 

Proposition 23. 

Theorem. — If tioo angles of a Uiangle be equal to each other, 
the sides which are opposite to them will also be equal to each 
oilier. 

Let ABC be a triangle having the angle ABC equal to the 
angle ACB; then will AB be equal to AC. 

For if JlB be not equal to A C, let one of them, as AB, be 
the greater. Cut off (1. 1) DB equal AC. 

Then because in the triangles DBC, A CB, DB is equal A C, 
BC common, and the angle DB Cequal (Hyp.) 
to the angle A CB, therefore (I. 4) the trian- 
gle DBC is equal to the triangle ACB, the 
less to the greater, which is impossible (Ax. 
9). Therefore, AB is not unequal to AC; 
that is, it is equal to it. 

Proposition 34. 

Theorem. — If two triangles have two angles and an opposite 
side of one, equal to two angles and an opposite side of the 
other, each to each, the equal sid^ being opposite equal angles, 
the triangles wi^ be equal in all their parts. 

Let ABC, DEF be two triangles which have ABC, ACB 
and AB of one, equal to DEF, DFE and DE of the other, 
each to each; then will the triangles be equal in all their 
parts. 




\ 
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For if BC be not equal to EFy one of them must be 
greater. Let ^C be the greater, 
and cut off (I. V) BO equal to 
EF. Then in the triangles ^J5G, 
DBF, AB, BO and ABO are 
equal, each to each, to DE, EF 
and DEF; therefore (I. 4) AOB 
is equal to DFE; but DFE is 
equal (Hyp.) to A CB ; therefore 

AOB is equal to ACB, an exterior angle of the triangle 
AOC equal to an opposite interior angle AGO, which is 
impossible (1. 18). Therefore BC is not unequal to EF; that 
is, it is equal to it, and the other parts of the triangles are 
equal by (I. 4). 

' Note. — Let the student write out the complete analysis. 

Scholium. — It will be observed, by comparing Props. (4), 
(5), (9), (24), that there are three cases in which triangles may 
be proved equal in all their parts : 

1. When they have three sides of one equal to three sides 
of the other, each to each (I. 9) ; 

2. When they have two sides and included angle of one 
equal to two sides and included angle of the other, each to 
each (I. 4) ; 

3. When they have two angles and a side of one equal to 
two angles and a side of the other, each to each (1. 5), (1. 24). 



DUFIiriTION. 

If a line meet two parallel lines, 
the various angles have different 
names. 

1. d and e, taken in relation to 
each other, are called cUtemate, as 
also c and /. 
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2. c* and e, or d and /, are interior angles on Oie same Me, 

3. a and e, or 6 and /, are respectively exterior and oppo- 
site interior angles on the same side. 

Proposition 2b. \ 

Theorem* — If a straight line falling on two straight lines, 
make the aUemaie angles equal to each other, the two straight 
lines wUl be parallel. 

Let EFy falling on AB and CD, make the angles AEF, 
EFD equal to each other ; then will AB and CD be parallel. 

For if they be not parallel, they 
will meet if produced. Let them 
meet towards B and D, Then E, F 
and the point of meeting will be the 
three angles of a triangle of which 
AEF is an exterior angle ; therefore 
AEF is greater (I. 18) than EFD; 
but (Hyp.) AEF is equal to EFD, 
Hence AB and CD will not meet 

toward B and D, In the same way it may be proved they 
will not meet toward A and C, They are therefore parallel 
(Def. 4). 

•Proposition 26. 
TTieorem. — Two straight lines will be parallel — 

1, When the exterior and opposite interior angle on the same 
side are equal to each other; 

2, When the two interior angles on the same side are equal 
to two right angles, 

1. Let EF, falling on AB and CD, make EOB equal to 
QHD) AB and CD will be parallel. 
For EGB is equal (I. 17) to AOH, therefore AQH ]a 
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equal to OED; but they are alternate angles; iherrfore AB 
and CD are parallel (I. 25). 

2. Let BOH, OHD be together 
equal to two right angles ; then will 
AB and CD be parallel. 

BOH and A OH are equal (1. 15) 
to two right angles ; therefore 

BOH^AOH^BOH^ OHD. 

Taking away the common angle ^GJff, 

then AOH^- OHD, and they are alternate angles; therefore 

AB and CD are parallel (I. 25). 





r 




A 


/ 
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Proposition 27, 
Theorem. — IJ a straight line fall on two parallel straigJU 
lines, it makes — 

1. The alternate angles equal to each other. 

2. The ext&rior angle equal to the opposite interior angle on 
ihe same side. 

S. The two interior angles on the same dde together equal to 
kwo right angles. 

Let the straight line EF fall on the two parallel lines 
AB, CD. 

' 1. The alternate angles 
A OH, OHD will be equal to 
each other. 

For if A OH be not equal 
to GHZ), suppose Z^Jja" equal 
to OHD. 

Then KL is parallel (I. 25) 
to CD. But (Hyp.) AB is 
parallel to CD. Hence, 
through the point O two lines, 
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AB and KLy have been drawn, both parallel to CD^ which is 
impossible (Ax. 11). Hence A OH is not unequal to GHD. 

2. The exterior angle EOB will be equal to the opposite 
interior angle OHD, 

For EGB is equal (L 17) to AOH, and AQH haa been 
proved equal to GHD ; therefore EGB is equal to GHD, 

3. The interior angles BOH, OHD are together equal to 
two right angles. 

For EOB is equal to OHD\ add to both BOH, and 
EOB^BOH^BOH^ OHD; but (1. 15) E0B+B0H='2R; 

.-. B0H+0HD^2R. 

€)oroUary 1. — KIj and CD will meet on that side of EF on 
which the mim of the interior angles is less than two right angles. 

Let KOH, OHC be less than two right angles. If KL 
and CD do not meet toward K and C, they are parallel, or 
they meet toward L and D, They are not parallel, for then 
KOH and OHC would be equal to two right angles. Neither 
do they meet toward L and D; for then LOH and OHD 
would be two angles of a triangle, and less than two right 
angles. But if KOH, OHC are less than two right angles, 
LOH, OHD are greater. Hence KL and CD will meet 
toward K and C 

CaroUary 2. — If a straight line is at right angles to one of 
two parallel lines, it is also at right angles to the other. 

For if BOH is a right angle, OHD will also be a right 
angle; since they are together equal to two right angles. 

Proposition 28. X 

Theorem. — Straight lines which are parallel to ike same 
straight line are parallel to each other. 

Let AB, CD be each of them parallel to EF\ AB is parallel 
to CD. 
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Draw QBiK cutting all three. 

Then, because AB, EF are 
parallel, the alternate angles 
AGE, GHF are equal (I. 27) 
to each other ; and because EF^ 
CD are parallel, the exterior 
angle OHF is equal (I. 27) to 
the opposite interior angle HKD, 
Therefore A OH, HKD are equal 
to each other ; and they are alter- 
nate ; hence AB and CD are parallel (I. 25). 

Propositioii 29J^ 

Problem. — To draw a straight line through a given poird 
parallel to a given straight line. 

Let A be the point, and ^C the line; it is required to 
draw through A a line parallel to BC. 

In. BC take any point Z), and ^ 72 ^ 

join AD; at A make (I. 13) the 
angle DAE equal to the angle 
ADC, and produce EA to F. ^ ^ c 

Then, because the alternate angles 
EAD, ADC are equal, EF is parallel (I. 25) to ^G 



Proposition 30. 

Theorem. — If one aide of a triangle be produced, the 
exterior angle is equal to the two opposite interior angles; and 
the three interior angles of any triangle are equal to two right 
angles. 

Let ABC be a tri- ^ ^ 

angle, and let ^C be 
produced to Z); then 
will A CD be equal to 
BAC and ABC, and 
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BAC, ABC and ACB will be equal to two right 
angles. 

From C draw (I. 29) CE parallel to BA. 

Then because AB and CE are parallel, and AC meets 
them, the alternate angles BAC^ ACE are equal to each 
other; and because BCD meets them, the exterior angle 
ECD is equal to the opposite interior angle ABC; therefore 
the whole angle A CD is equal to the two, BA C, ABC 

To each of these equals add A CB ; 
then ACD+ACB = BAC+ABC+ACB. 

But ACD+ACB='2R; 

BAC+ABC+ACB^2R. 

CoroUarp 1. — All the interior angles of a polygon are 
together equal to twice as many right angles as the figure has 
sides, minus Jour right angles. 

Let ABCDE be a polygon, and let n represent the number 
of its sides. Draw lines from the angles 
to any point, -F, within the polygon. 
These will form n triangles. All the 
angles i . these triangles will be equal to 
2/1 right angles, since the angles of each 
are equal to 2 right angles. Now the 
angles at F are together equal (I. 17, 
Cor. 2) to 4 right angles. Therefore the 
0ther angles at -4, B, etc. are equal to 2/i — 4 right angles. 

\ Scholiuni to Corollary 1, — If the figure be a triangle, n 
would be 3, and the angles would be 

2n-4 = 2x3-4 = 2jB; 
( for a quadrilateral, 2 x 4 - 4 = 4jB ; 

tbr a pentagon, 2x5-4 = QR, and so on. 

Corollary 2. — If ea<ih side of a polygon he produced in 
one direction only, all the exterior angles are together equal to 
four^ right angles. 
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For an exterior and interior angle, as ABD and ABCy are 
together equal (I. 15) to two right 
angles. Hence all the exterior and in- 
terior angles are together equal to 2n 
right angles. But the interior (Cor. 1) 
are equal to 2n - 4 right angles ; hence 
the exterior are equal to 4 right angles. ^'^ j^^ 

CarcUary 3. — If two angles of a triangle be given, or only 
their sum, the third may be found by aubtra^cting their sum from 
two right angles. 

CaroUary 4. — If two angles of one triangle be equal to two 
angles of another y the third angles will be equxd. 

CaroUary 5. — In any triangle there can be bvJt one right 
angle, and the other angles will be together equal to a right 
angle, 

Scholiuni. — ^Angles are measured in degrees (°), mihutes (') 
and seconds (") ; a right angle contains 90°. 



Proposltioii 31. 

Theorem* — If two sides of a quadrilateral be equal and 
parallel, the other sides will also be equal and parallel, and the 
figure will be a parallelogram. 

Let ABDC be a quadrilateral having AB equal and parallel 
to CD ; then will A Cbe equal and parallel 
to BD. 

Join BC\ then because AB and CD 
are parallel, the alternate angles ABC 
and BCD are equal (I. 27). Hence in 
the triangles ABC, BCD, AB, BC and 
the angle ABC are equal to DC, CB and the angle DCB, 
each to each ; therefore AC is equal (I. 4) to BD, and the 
angle A CB to the angle CBD ; and they are alternate angles ; 




\ 
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therefore ACir parallel (L 26) to BD, and ABDCia a parallel* 
ogram (Def. 22). 

Proposltioii 32. 

Theorem. — The c^ppomJte tides and angles of a parallelogram 
are equal to each other, and the diagonal bisects iL 

Let ABDC be a parallelogram ; then will its opposite sides 
and angles be equal and the diagonal CB bisect it 

Because AB, CD are parallel (Def. 22), 
the alternate angles AB C, B CD are equal 
(I. 27), and because A C, BD are parallel, 
the angles ACB, CBD are equal (I. 27), 
and CB is common to the triangles ABC, 
CBD ; hence (I. 5), the angle A is equal 
to the angle D, the parts of B respectively equal to the parts 
of C, AC to BD, AB to CD, and the area of ABC to the 
area of BCD. 

\^ Froposltioii 83* 

Theorem. — ParaUelograins on the same base and between the 
same parallels are equal. 

Let ABDC, EFDC be two parallelo- 
grams, on the same base CD and between 
the same parallels CD, AF; they will be 
equal to each other 

A C and BD are equal because they are 
opposite sides of a parallelogram (I. 32) ; 
as also EC and FD. Also AB and EF 
are equal, being both equal to CD (Ax. 1) ; subtract these 
equals from AF; whence the remainders AE and BF are 
^ual (Ax. 3). Hence, the triangles AEC, BFD are mutually 
Unilateral ; they are therefore equal (I. 9) in area. Subtract 
each of these equals from the whole trapezoid A CDF, and 
the remainders, ABDC, EFDC, are equal (Ax. 3). 

4* 
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Propositioii 34. 

Theorefin. — Parallelograms on equal bases and between the 
same, parallels are equal. 

Let ABDCy EFHO be parallelograms on equal bases DG 
HOy and between the same parallels 
Cfl", AF\ they will be equal. ^ ^ b f 

Join CE, DF; then 

because (Hyp.) CD^GH, 

and (1.32.) GH^EF, 

(Ax. 1) CD'EF 

Hence (I. 31), EFBO is a parallel- 
ogram. Therefore EFDC, ABDC are 
equal (I. 33), being on the same base CD and between the 
same parallels CD, AF. Also EFDC is equal to EFHG, 
being on the same base EF and between the same parallels 
EF, CH. Hence (Ax. 1) ABDC is equal to EFHG. 

• -. Propositioii 35. 

Theorem. — Triangles on the same base and betioeen the same 
parallels are equal. 

Let ABC, DBC be two triangles on the same base BC and 
between the same parallels BC, AD ; they 
will be equal. 

Draw (I. 29) BE parallel to CD, and 
CF parallel to BA, meeting AD produced 
in E and F, 

Then EBCD, ABCF are parallelograms 
(I. 31), and are equal to each other (I. 33). 
Hence the triangles DBC, ABC, halves 
(I. 32) of these equal parallelograms, are also equal. 

Corollary, — If a triangle and a parallelogram be on the 
same base and between the same parallels, Hie paraUdogram vdll 
be double the triangle, 

EBCD is evidently double DBC or ABC 
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Propositioii 36. 

JTiearem. — THangles on equal bases and between the same 
parallels are equal. 

(Construct as in last Proposition parallelograms on the 
bases of the triangles, of which the triangles will be halves, 
and apply Prop. 34.) 



Propositioii 37. 

Theorem. — Equal triangles on the same base and on the 
same side oj it are between the same parallels. 

Let ABC, DBC be equal triangles on the same base BC\ 
they will be between the same parallels. 

For if ^i> be not parallel to BCy draw 
AE parallel to BC and join EC, 

Then ABC, EBC are equal (I. 35). 
But AB C, DB C are equal (Hyp.). There- 
fore EBC is equal to DBC, the part to 
the whole ; which is impossible (Ax. 9). 
Hence AE is not parallel to BC, and no 
line but AD is parallel to BC. 




Proposition 38. 

Problem. — To describe a parallelogram equal to a given 
triangle. 

Let ABC be a triangle ; it is required 
to describe a parallelogram equal to it. 

Bisect BCin D; draw AF parallel to 
BC, and DE to any point in AF; draw 
CF parallel to DE; EDCF is equal to 
ABC 

BecsiuseABD,ADCsire equal (L 36), 
ABC is double ADC; also EDCF is 
double ADCil. 35, Cor.). Hence EDCF is equal to ABC. 
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8eli4diufn» — The angle CDE may be made equal to a right 
angle or any given angle (I. 13). 

* Proposition 89. 
Problem. — To describe a triangle equal to a given polygon. 

Jjet ABODE be a polygon; it is required to describe a 
triangle equal to it. 

Join A Cy and draw £F parallel 
to it, and join AF. Then, because 
ABCy AFC are on the same base, 
A C, and between the same parallels, 
AC, BFy they are equal (I. 36). 

Similarly, AED, A GD are equal. ^ c TJ^ a 

Add to, both sets of these equals the triangle ACD^ and 
ABCDE is equal to AFO. 

CaroUary. — To draw a parallelogram equal to a given 
polygon. 

Construct a triangle equal to the polygon, and then a 
parallelogram equal to the triangle (I. 38). 

Proposition 40. 

Theorem. — The complements of a parallelogram are equal 
to each, other. 

Let ABCD be a parallelogram, and EH, OF parallelo- 
grams about the diagonal ; then the 
complements BK, KDy which make 
up the whole figure, are equal to 
each other. 

Because -AC is a diagonal, the 
triangles ABCy ADC are equal to 
each other. Por the same reason 
AEKy AHKy and also KGC, RFC, 
are equal to each other. 
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Hence, A AHK+ A KFC^ A AEK^ A KGC. 

Subtracting these equals from the whole triangles ABC, 
ADC, the remainders, BK, KD, will be equ^l (Ax. 3). 

Propositfon 41. 

PnMem. — To describe a square on a given finite straight 
line. 

Let AB be a straight line; it is required to describe a 
square upon it. 

From A draw (1. 11) JLC at right angles 
to AB\ and make (I. 1) AD equal to AB\ 
through D draw (1. 29) DE parallel to AB; 
and through B, BE parallel to AD\ ADEB 
is a square. 

For it is a parallelogram (Const.). Hence 
AB, DE Sire equal (I. 32), and AD, BE are 
equal ; but AB, AD are equal ; hence it is equilateral. Also, 
because AB, DE are parallel, the angles BAD, ADE are 
together equal (I. 27) to two right angles. But BAD is a 
right angle (Const.) Hence ADE is a right angle; and 
because the figure is a parallelogram, the opposite angles are 
also right angles (I. 32). Therefore the figure is equilateral 
and rectangular, and is therefore a square. 

CoreUary. — If one angle of a parallelogram be a right 
angle, aU the angles are right angles. 

Proposltioii 43. 

Theorem. — In any right-angled triangle the sqtuire described 
on the side opposite the right angle, is equal to the sum of the 
squares described on the sides containing the right angle. 

Let ABC be a right-angled triangle, right angled at A ; 
then will, — 
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On BC describe (I. 41) the square BE; and on BAy AC 
the squares BO, AK, Through A draw AL parallel to BB, 
and join AD, FC, Because 
BA Cf BA O are right angles, 
CA, AO are in the same 
straight line (I. 16). 

The angle FBA is equal to 
the angle CBD ; to each add 
ABC\ then the angle FBC 
is equal to the angle ABD. 
Then, because in the triangles 
FBC, ABD, FB, BC, aud 
the angle FBC are equal to 
AB, BD, and the angle ABD, 
each to each, the triangles are 
equal (I. 4) in area. 

But FBC is half the square BO, because they are on the 
same b^, FB, and between the same parallels, FB, OC. 
Similai'ly, ABD is half the parallelogram BL. Therefore 
the square BO la equal (Ax. 7) to the parallelogram BL. 

In the same manner it may be proved that AK is equal to 
CL. Therefore the sum of BO and AK is equal to the whole 
square BE, or 

BC'==AB'+ACK 

CaroUary 1.— Hence BC^-AB^ = AC\ 

CaroOary 2.— Also, if AB ^AC, 

BC^'=2AB'^2AC\ 

Corollary 3. — And if two right-angled triangles have two 
sides of one equal to the corresponding sides of the other, they 
will be mutually equilateral and equal in all tlieir parts. 



* This expression means the square described on BC, etc 
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EXERCISES OJTBOOK I. 

The proofe or solutions of the following propositions are to 
be worked out by the student, by the use of those previously 
demonstrated. In some cases the lines necessary to the con- 
struction are drawn, and the propositions which may be 
needed are referred to. In others, parts of the solution are 
given. In all cases they are intended to be so clear that a 
student may, imaided, complete the proof by the exercise of 
thought and skill. It will often assist him in obtaining a con- 
struction to suppose the figure formed, and to note the proper- 
ties involved ; then, by using these properties, he may form 
the construction. 

-^^ 1. Upon a given straight line to describe an isosceles tri- 
angle having each of the equal sides equal to a given straight 
line. 

y ^^ 2. If the angles at the base of an isosceles triangle be 
y bisected, the portions of the bisecting lines between their inter- 
section and the angles bisected, will be equal (I. 14). 

3. K a point be taken without a given straight line, the 
.perpendicular is the shortest line that can be drawn from the 
X point to the line (I. 19), (I. 21). 

\, 4. The diagonal of a rhombus bisects its angles (I. 9). 

\ 6. The four sides of any quadrilateral are together greater 
''uian the two diagonals (I. 2). 

^ 6. Construct a triangle having given two angles and a side 
^'^opposite one of them. 

T. Why is the problem, to construct a triangle when we have 

\^ only the three angles, mdefinite? — what ambiguity is there 

when we have two sides and aif angle opposite one of them ? 
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8. A straight line parallel to the base of an isosceles tri- 
angle makes equal angles with the sides (I. 27). 

•^ 9. K a line joining two parallels is bisected, show that any 
line through the point of bisection and terminating in the 
parallels is also bisected (I. 27), (I. 5). 

>-N 10. If AB and CD be parallel and 
FO^EFy show that any other line 
OH is bisected at K. 

Draw FL parallel to ff-H", and work 
in the triangles FLE, OKF. 

^ ' / 11. Trisect a given straight lina 

On the line AB construct an equilateral 
triangle ABC, Bisect the angles at A and 
B by AD, BD. Draw DE, DF parallel to 
A C, CB. Prove that AE= EF^ FB. 

.^ 12. Trisect a right-angle. 

IjetABC be the right angle. On AB con- 
struct an equilateral triangle ABD, Bisect 
the angle ABD by BE. Prove that ABE 
^EBD^DBC(L30). 

13. What is the magnitude of aa angle of a regular 
decagon (I. 30 Cor.)? 

14. What is the magnitude of an exterior angle of a regular 
hexagon (I. 30 Cor.)? 

^ 15. If the opposite sides of a quadrilateral be equal, it is a 
parallelogram. 

X. 16. If the opposite angles of a quadrilateral be equal, it is a 
parallelogram. 

17. The four triangles into which a parallelogram is divided 

by its diagonals, are equal in lirea. 
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'18. If the middle points of the three sides of a triangle be 
joined by straight lines, the four tri- 
angles formed will be equal in area. 

Draw CD parallel to AB and pro- 
duce FE to D, Show now the equality 
of the triangles AEF, DEC. Hence 
DC'-AF=FB; .'. (1.31) EF is 
. parallel to BC Similarly, FO is 
parallel to A C, and EO to AB. Hence the proposition may 
be deduced. $ 

19. Given the middle points of the three sides of a triangle, 
to construct the triangle. 

^-^ 20. To construct a parallelogram, the middle points of the 
sides of which are the angles of a given parallelogram. 

^^ 21. The square on a side of a triangle sub- 
tending an acute angle, is less than the 
squares on the other sides. 

Let BAC be an acute angle, then 
BC^kAC'-^AB". 

Make AD^AC, and at right angles to 
AB (L 8). 

^^ 22. The square on the side subtending the obtuse angle, is 
greater than the squares on the other sides. 

. 23. Any side of a triangle is greater than the difference be- 
tween the other two. 

' 24. Twp angles are equal if their sides be 
parallel, each to each, and lying in the same 
direction (I. 27), (Ax. 3). 




^ 25. To find the side of a square equal in area to two given 
squares (I. 42). 

_^^ 26. To find the side of a square equal in area to the differ* 
ence between two given squares. 

Note. — The angle in a semicircle is a right angle. 
6 D 
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27. If each of the equal aDgles of an isosceles triangle be 
double the third angle, then the exterior angle formed by pro- 
ducing one of the equal sides beyond the base is three times 
the third angle. 

28. In the last example how many degrees in the various 
angles of the figure ? 

29. If the equal sides of an isosceles triangle be produced 
beyond the base, the angles on the other side of the base will 
be equal. 

30. If one angle of a parallelogram contain 40^, what is 
the value of each of the others? 

<^^ 31. If a line be drawn bisecting an angle, any point of it is 
equally distant from the sides of the angle. 

^-- ' 32. The lines bisecting the three angles of a triangle aK 
intersect in the same point. 

^ 33. One of the angles of a parallelogram is three halves of 
a right angle. What are the values of the others in parts 
of a right angle? in degrees? 

rr"^' 34. One of the exterior angles of an equiangular figure is 
f of a right angle. How nlany sides has the figure ? 

35. Construct a five-sided figure, four of whose aides are 
3, 4, 5, 6, and whose angles in the same order are 1, f, 1, 
right angles. 

36. Trace back all the references contained in (I. 42) to 
the fundamental axioms, postulates, and definitions. 

37. Construct a triangle equal to a given octagon. 



BOOK II; 



RECTANGLES. 
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1. Every right-angled parallelogram, or rectangle, is said to 
be contained by any two Of the straight lines which contain 
one of the right angles. 

Thus, the rectangle AC m said to be 
contained by AB and BC, and is called 
the rectangle AB.BC, or simply AB. 
BC. 

When we speak of the rectangle of 
two disconnected straight lines, as A 
and jB, we mean the right-angled 
parallelogram of which those lines 
are the adjacent sides. Thus, make c 
EC equal to A, and (72), at right 
angles to it, equal to B, and com- 
plete the parallelogram. The rect- 
angle ^ . jB is ^D. ^ 

By rectangle we mean the figure formed, and not the 
product of the lines. We will show hereafter that the area 
of the rectangle is equal to the product of the number of 
units in the two sides. 

2. In every parallelogram the figure formed by either of 
the parallelograms about the diagonal, together with the two 
complements, is called a gnomon. 

51 
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Thus, the parallelogram EF, 
together with the complements 
FHf DK, is the gnomon, which 
is more briefly expressed by the 
letters DFH or BEG. 



K 



Proposition 1. 

Theiyrem. — Ij there he two straight lineSy <me of which is 
divided into any number of parts, the rectangle contained by 
ilie two straight lines, is equal to the rectangles contained by the 
undivided line and the several parts of Hie divided line. 



Let A and BrC be two straight lines ; and let -BC be divided 
into any number of parts at the points D, E\ the rectangle 
contained by the straight lines A, BC, will be equal to tlie 
rectangle contained by A, BD, together with that contained 
by A, DE, and that contained by A, EC. 

From the point B draw (I. 11) 
BF at right angles to BC; and make 
(I. 1) BO equal to A; through G 
draw (I. 29) GH parallel to BC; 
and through D, E and C draw (1. 29) 
DK, EL and CH parallel to BG. 

Then the rectangle BH is equal to 
the rectangles BK, DL, EH. 

But BH= BG . BC^ A.BC, because A is equal to BG. 

Also, BK^BG.BD=^A.BD; 

DL^DK.DE-^A.DE; 




V 



EH^EL.EC-^A.EC; 
A.BC^A.BD+A.DE^A.EC. 
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Propositioii 2. 

Theorem. — Jff a straight line be divided into any two parts, 
the rectangles contained by the whole and each of the parts^ are 
together equal to the square of the whole line. 



Let the straight line AB be divided 
into any two parts in the point C; then 

AB.AC+AB.CB^AE". 

On AB describe (I. 41) the square 
AE, and draw (I. 29) through C, CF 
parallel to AD. 



Then 
but 
and 
and 



F 



AF^CE^AE] 
AF^^AD.AC^AB.AC, 
CE^CF.CB^AB.CB, 
AE^AE"; 
AB.AC+AB.CB^AB". 



Proposition 3. 

Theorem. — Jff a straight line be divided into any two parts, 
{he rectangle contained by the whole and one of the parts, is 
equud to the rectangle contained by the two parts, together with 
the sqmre of the aforesaid part. 



Let the straight line AB be 
divided in two parts in the point C, 
then AB.BC^AC.CB+BC\ 

Upon BG describe (I. 41) the 
square CE) produce ED to F, and 
draw AF parallel to CD. 




54 



GEOMETRY.— BOOK II. 



Then 


AE=-AD^CE', 


but 


AE^AB.BE^AB.BC; 


also, 


AD^AC.CD^AC.CB, 


and 


CB- CB". 


•'• 


AB.BC^AC.CB+CB'. 




Proposition 4. 



Theorem* — If a straight line be divided into any two parts, 
the square of the whole line is eqiuil to the squares of the two 
parts, together with twice the rectangle contained by the two 
parts. 

A C B 

Let the straight line AB be divided into 
any two parts in C; then will s- 

AB'^AC'^BC'^2AC. CB. 
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Upon AB describe (I. 41) the square 
ABED ; join BD ; through C draw (1. 29) 
CF parallel to AD, and through G draw 
(I. 29}^G^''parallel to AB. 

Because CF is parallel to AD, and BD falls upon them, 
the exterior angle BOC ia equal (I. 27) to the interior and 
opposite angle ADB; but ADB is equal (L 6) to ABD. 
Therefore COB is equal to CBO, and therefore ihe side CO 
is equal to (I. 23) the side CB; but CB is equal (I. 32) to 
GK; therefore the figure CGKB is equilateral. It is also 
rectangular, for the angle CBK being a right angle, the other 
angles are also right angles (I. 41, Cor.). Wherefore it is a 
square upon the side CB, For the same reason HF is a 
square upon the side HG, which is equal to ^ G 

The complement AG is equal (1. 40) to the complement OK 

Also, AO = AC.CG'-AC.CB; 

A0^GE=2AC.CB. 
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Also, HF^AG\ And CK^CB"; 

.-. HF+CK+AG+GE^AC*+CB'-^2AC.CB^ 
But J3r+ CK-^AG+ GE^AE'-AB'; 

AB'-^AC'+BC'+iACCB. 
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Corollary 1» — Hence it is manifest thai the paralldograna 
ahtyat the diagonal of a square are also squares, 

CoroUary 2, — The square on a line is four Umes the square 
on half the line, 

^ For let C be the middle point of AB, then Aff^AC* 
^CJS'^2AC.CB'-4AC\ 



Proposition 5. 

Theorem. — The square on the difference of two lineSy is equal 
to the sum of their squares diminislied by twice the rectangle of 
the lines. 

Let AB, BChe two lines : place BC on BA from B toward 
A ; then ^ C is their difference ; then 
AC'='AB'+BC'-2AB.Ba 

On AB describe the square ABED; 
join DBy and through C draw CF 
parallel to BE; through G draw HK 
parallel to AB; then AE=AB\ CK 
^CBsindHF=AC\ 

Because (I. 40) AG =- GE, add to 
both CK; then AK=CE, and AK^ CE=2AK==2AB ,^BK 
'=2AB.Ba Now, if from AE+CK, AK+CE be taken 
away, there will remain the square HF; that is, HF = AE 
^CK-{AK^CE\ or AC = AB'^^BC^-2AB ,Ba 
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^ Proposition 6. 

Thexyrem. — The rectangle contained by the sum and differ' 
ence of two lines is equal to Ihe difference of their squares. 

Let AB, BChe two lines; then {AB+BC) (^AB-BC) 
^AR-BC\ 

From BA cut off (I. 1) BD 
equal to jBC, then ^ C= ^^+^C 
KadiAD^AB-Ba On^^de- 
scribe the square ^^i^^; join 
AF, and draw DO parallel to 
AE) through H draw KHL 
parallel to ^C, and through C 
draw CL parallel to AK. 

Then EB - AB^ and GM= i>JP. Now, because DB = BC 
(I. 34), DM-^BL; but (1. 40) DM- KO, therefore BL^KG; 
add to both AM, and the gnomon BKO = AL. Now the 
gnomon BKO is the difference between the squares EB and OM, 
otAB'-DR) and the rectangle Jliy = ^C.^^=-^C.^i> 
^{AB+BC) UB-BC); therefore {AB+BC) {AB-BC) 
^AR-DB", 

CorMary. — If a line he bisected and produced, the rectangle 
of the whole line thus prgdu^sed and the part produced, together 
with the square of the line between ihe points of section, is equal 
to the square of the line made up of the half and ihe part pro- 
duced. 

For, CD being bisected in B and produced in A, we have, 
adding DB* to the last equals, 

AC.AD^DB'^AB'. 



Proposition 7. 

Theorem. — In obtuse-angled triangles the square of the side 
subtending the obtuse angle, is greater Hian the sum of the squares 
of Ihe other two sides, by twice the rectangle contained by one of 
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the ddea adjo/cent the obtuse angle, and the line, between the 
obtuse angle and the Joot oj the perpendieular falling on ihie 
Me produced, from the opposite angle. 

Let ABC be an obtuse-angled triangle, 
• the obtuse angle ACB, and from A let AD 
be drawn (I. 12) perpendicular to BC pro- 
duced ; the square of AB is greater than 
the squares of -4 C ,CBhj twice the rectangle 
BC. CD. 

Because the straight line BD is divided 
in two in the point C, 

(JL 4), BD'^BC'^ CD'+2BC. CD; 

add AD" to both. 
Then (BD'^AD')^BC'^(iCD'+AD')^2BC. CD. 

But (I. 42) AB" « BD'+AD', and AC'== CD'+AD'; 

AB'^BC+AC'^2BC.CD; 
that is, AB" is greater than AC^^CB" by 2B'C . CD. 

Proposition 8. ' 

Theorem. — In every triangle the square of the side opposite 
an acute angle, is less than the sum of the squares of the sides cow- 
taining that angle, by twice the rectangle contained by either of 
these sides, and the line between the acute angle and the foot of 
the perpendicular falling on this side from the opposite angle. 

Let ABC be a triangle, and the angle B one of its acute 
angles, and upon BC, one of 
the sides containing it, let fall 
(L 12) the perpendicular AD 
from the opposite angle ; then 
the square of -4 C is less than 
the squares CB, BA by twice 
the rectangle CB.BD. 

Because CD is the difference 
between BC and BD, 
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(n.5), Ciy'^BG'+BD'-2BC.BD; 

add AD^ to both, 
{CI^^A]y)^BC^+{B]y^AD')-2BC.BD. 
But (I. 42) CL^^AL^^AC\ and B2>*+JIZ)«-^JB»; 
AC ^BC'+Aff -2BC.br 

CkyroUary* — If the square described on one side of a triangle 
he equal to the sum of the squares of the other tvoo sides^ the angle 
contained hy these sides is a right angle. 

For if it were obtuse, the square of the opposite side would 
be greater, and if acute less, than the sum of the squares of 
the other sides. 



Propositioii 9. 

Theorefm. — If one side of a triangle be bisectedy the sum of 
the squares of the other two sides is equal to twice the square of 
half the line bisected, plus twice the square of the line drawn from 
the point of bisection to the opposite angle. 

Let ABC be a triangle, of which 
the side jBC is bisected in Z>, and DA 
drawn to the opposite angle. 

Then BA^+AC^^WIJ^^2DA\ 

From A draw (1. 12) AE perpen- 
dicular to BC. 

Now (II. 7), AB'^BLf^AL^^^BD.DE', 
and (11.8), AC^= CD'^A1}'-2CD.DE. 

Adding these together, and remembering that 
BD^CD, 
we obtain AB'^AC' = 2BD'^2AD\ 





^ Proposition 10. 

Theorem. — The mm of the squares of the diagofuds of any 
parallelogram, is equal to the mm of the squares of the sides of 
the parallelogram. 

Let ABCD be a parallelogram, and A C, BD its diagonals ; 
then AC'+Biy = AB'+BC*+ Ciy+DA\ 

Let A C and BD intersect each other 
in E ; and because the vertical angles 
AED, CEB are equal (L 17), and also 
the alternate angles EAD, ECB (L 27), 
the triangles AED, CEB have two 
angles of each equal, and the sides AD, BC&re equal (L 32) ; 
therefore the other sides, which are opposite the equal angles 
are also equal — namely, AE to EC, and DE to EB. 

Since, therefore, DB is bisected in E from (II. 9), 

AD'+AB'^2DE'+2AE\ 
For the same reason, 

DC'^CB'^2DE'^2EC' = 2DE'^2AE'; 
.-. AD'-^AB'^DC'^CB'^4DE'+4AE\ 
But 42)J5;« = 2)jB»(IL4,Cor. 2), and 4^^«--4C"; • 
AD'+AB'+DC'+CB' = DB'^AC\ 

Ck>roUary» — ^From this demonstration it is manifest that 
the diagonals of a parallelogram bisect each other. 

Proposition 11. 

T^robiem. — To divide a given straight line into two parts, so 
that the rectangle contained by the whole and one of the parts, 
may be equal to the square of the other part. 



60 



GEOMETBY.SOOK 11. 




Let AB be a given straight line. It is required to find the 
point J7 in it, so that 

AB.BH'-AH'. 

^ Upon AB describe (I. 41) the 
square AD ; bisect (I. 10) ^C in E, 
and join BE; produce CA to F, 
making (I. 1) EF equal to EB, and 
upon AF describe the square JPfl". 
AB is then divided in fi",.so that 
AB.BH=AH\ 

Produce Off to K Because AG 
is bisected in E and produced to F, 
(11. 6, Cor.), 

CF. FA^AE' - EF* = EB". 

lifow(IA2%EB'=^AE*+AB'; .-. CF.FA+AE'^AE'-^AB*. 
Taking away the common AE\ and 

CF.FA^Aff. 
Now, CF. FA is the rectangle FK, 

and -4J5* is the square AD. 

Therefore the rectangle FK is equal to the square AD. 
Taking away the common rectangle AK, the remainder FS 
• is equal to the remainder HD. 

But ffD-DB.Bff^AB.Bff, and Fff-^AB"; 

.'. AB.Bff=AH*, and AB is divided in ff, so that the 
rectangle contained by the whole and one part is equal to the 
square of the other. 

Proposition 12. 

JPtoblefn. — To describe a sqtuire thai shall be equal to a given 
polygon. 

Let ^ be a given polygon ; it is required to describe a square 
that shall be equal to it. 
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Describe (I. 39, Ck>r.) the rectangle BCDE equal to A. 
If the sides BE, ED be equal to 
each other, the thing required is 
done ; but if not, produce one of 
them, BE to JF, and make EF equal 
to ED, and bisect (1. 10) BFmO\ 
on BF describe the semicircle 
BHF; produce DE to meet it in 
JS", and join GH. 

Because BE is the sun^' and EF the difference of FO and 
OE, we have 

(H. 6) BE.EF^FCP-'EGP^GH'-EO'. 
But (I. 42€or.) OW-EO^^-EH'; 
BE.EF^EW. 

But BD is the rectangle BE. ED or BE. EF, and BD is 
equal by constiruction to A. Therefore the square on EH is 
equal to the rectilineal figure A. ^ 




> 



EXERCISES. 

1. The diagonals of a rhombus bisect each other at right 
angles. 

•^ 2. Two parallelograms are equal when they have two sides 
and the included angle equal, each to each. « 

3. The sum of the diagonals of a trapezium is less than the 
sum of the four lines drawn from any point 
within, the figure to the four angles. 

4. K AD be a square, and CE be cut off 
its diagonal equal to AB, and EF be drawn 
at right angles to CB, then BE=-EF=FD. 

6. The squares of the diagonals of a tra- 

6 
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pezium are together leas than the squares of the four sides, by 
four times the square of the line joining 
the middle points of the diagonals. 

From (H. 9) 

Aiy-^DC'»2AE'^2ED'. 

Add and apply (IL 4, Cor. 2) fuid 
II. 9). 

6. If a straight line be divided into two equal, and also into 
two unequal, parts, the rectangle contained by the unequal 
parts, together with the square of the line between the points 
of section, is equal to the square of half the line. 

If AB be divided equally at C and 
unequally at D, then I i i i 

AD.DB+CD''^CB'. 
Describe a square on CB, and proceed as in (II. 6). 

7. Divide a given straight line into two parts so that the 
rectangle contained by them shall be the greatest possible^ 

Use the property of last exercise, and show that the middle 
point is the point of division. 

8. Construct a rectangle equal to the difference between two 
given squares. 

From Ex. 6 we have AD . DB ^ Off - CD". From this 
the construction may be deduced. 

9. The centre of a circle is on the middle point of the base 
of a triangle ; if the vertex be any point of the circumference, 
the sum of the squares of the two sides is equal to the square 
of the diameter (II. 9). 



BOOK III. 

CIECLEa 



DEFIJflTIOJfS. 

1. A STRAIGHT line is said to iovjch a circle when it meets 
the circle, and being produced does not cut it. 

And that line which has but one point in common with the 
circle is called the tangent, and the point in common, the 
point of contact. 

2. Circles are said to — --..^T4<,f 

touch each other when they X^^^Nr^''^^r"-— ^ 

meet, but do not cut. 

3. Straight lines are said 
to be equally distant from 
the centre of a circle, when 
the ^rpendiculars drawn x y 
to them from the centre ^.....^^^....x^ 
are equal; 

4. And the straiglftiine on which the greater perpendicular 
falls, is said to be farthler frdm /the centre. 

5. An arc is any portion of .the circumference. 

6. The chord of an arc is tiie straight line which joins its 
extremities. 

7. The segment of a cii^le is the portion cut off by a 
chord. 

63 
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8. A secant is a straight line cutting a circle. 

9. A sector is the figure contained by two radii and the 
arc between them. 





10. The angle in a segment, is the angle contained by 
two straight lines drawn from any point of the circumference 
to the extremities of the line which forms the base of the 
segment. 





BA (7 is an angle in the segment BDA C, and standing on 
the arc BEC. 

11. An inscribed flgnre is one which has all its angles in 
the circumference of the circle ; and the circle is said to ciT' 
cumscribe the figure. 

12. An inscribed circle is one which touches all the sides 
of the figure ; and the figure is said to circumscribe the circle,, 
or be described about it 
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Proposition 1. 
"Problem. — To find the centre of a given circle. 

Let ABC be the given circle; it is required to find its 
centre. Draw within it any chord AB, and bisect (I. 10) it 
in D; from the point D, draw (1. 11) DC at right angles to 
AB, and produce it to E, and bisect CE in F. The point F 
is the centre of the circle. 

For if not, let, if possible, O be the 
centre, and join OA, OD, OB. Then, 
because DA is equal to DB, and AO 
to GB, being radii, and DO common 
to the two triangles ADO, BD G, there- 
fore the angle ADO is equal (I. 9) to 
the angle ODB. Therefore (I. Def 8) 
the angle ODB is a right angle. But 
FDB is likewise a right angle ; wherefore the angle FDB is 
equal to the angle ODB, the greater to the less, which is 
impossible. Therefore, O is not the centre of the circle ABC. 
In the same manner it can be shown that no dther point 
but F is the centre ; that is, -F is the centre of the circle 
ABC. 

CaroUarj^. — If in a circle a straight line bisect another at 
right angles, the centre of tlie circle is in the line which bisects 
the other. 




Proposition 2. 

Theorem. — If any two points be taken in the circumference 
of a drclcy the straight line which joins them will fall within 
the circle. 

Let ABC be the circle, and A, B any two points in the 
circumference ; the straight line drawn from -4 to -B will fall 
within the circle. 

5* E 
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Take E, any point in AB ; join DE, and let it meet the 
circle in F. Now, because DA is equal to DBy DAB is 
equal (I. 6) to DBA; and because 
DEB is exterior, it is greater (I. 18) 
than DAE, the opposite interior angle ; 
hence DEB is greater than DBE, and 
therefore DB is greater than (1. 21) DE. 
Hence DF is greater than DE, and E 
is within the circle ; and the same may 
be proved of any point of AB, 




Proposition 3. 

Thewrem>» — If a straight line through the centre of a circle 
bisect a line not passing through the centre, it wiU cu^itat right 
angles ; and if it cut it ai right angles, it will bisect U. 

Let ABC be a circle, and let CD, a diameter, bisect AB, a 
chord, in the point jP; it cuts it at right angles. 

Take (III. 1) E, the centre of the 
circle, and join EA, EB. Then, because 
in the triangles AEF, BEF, AE^EB, 
being radii, AF=FB (Hyp.), and EF 
common, therefore (I. 9) AFE^BFE; 
and (I. Def. 8) they are right angles. 

Again, let CD cut AB at right angles ; 
then will AF^FB. 

Because AE=BE, then (I. 6) EAB 
= EBA ; also the angles at F are right angles, and EF is 
common to both triangles ; therefore (I. 24) AF=^FB. 




CaroUary. — The perpendicular through the middle of a 
chord, and terminated both ways by the circumference^ is a 
diameter, and its middle point is the centre. 
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Propesition 4k 

Theorem* — If in a circle two straight lines^ which do not 
pass through the centre, cut each other, they do not bisect each 
other. 

Let ABCD be a circle, and A C, BD two straight lines in it 
which do not pass through the centre ; 
they will not bisect each other. 

For, if possible, let AE=EC and 
BE-^ED. 

Take (III. 1) F, the centre of the 
circle, and join EF; and because EF 
through the centre bisects AC, the 
angle FEC is (III. 3) a right angle. 
For the same reason FED is a right angle. Hence FED is 
equal to FEC, the less to the greater, which is impossible j 
therefore A C, BD do not bisect each other. 




Propoisltioii 5. 

Theorem, — ^ two circles cut each other, they cannot have the 
iosme centre. 

Let the two circles ABC, CDO cut each other in the points 
B, C; they cannot have the same centre. 

For, if possible, let E be their 
centre. Join EC, and draw any 
straight line EFG, meeting the 
circles. Because E is the centre 
of ABC, EC is equal to EF; 
also because E is the centre of 
CDO, EC is equal to EG; 
therefore EF is equal to EO, 
which is impossible. Hence -E 
i& not the centre of the circles. 
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Proposition 6. 
Theorem, — If two circles touch each other internally, Uiey 
cannot have the same centre. 

Let ABCy CDE touch each other internally at C; they 
cannot have the same centre. 

For, if possible, let it be F. Join FC, ^ 

and draw any straight line FEB. Be- 
cause F is the centre of the circles CDE, 
ABC, FC is equal to both FE and FB ; 
therefore FE and FB are equal to each 
other, which is impossible. Hence jF* is ^\ /b 

not the centre of both circles. 

Proposition 7. 

Theorem. — If a point he taken in the diameter of a circle 
which is not the centre, and straight lines be drawn from it to 
the circumference, — 

1. The. greatest is that in which the centre is, and the other 
part of the diameter is the least, 

2. Of the others, that which is nearer to the line through the 
centre, is greater than that more remote. 

Let ABCD be a circle, AD its diameter, F a point in it, 
and E the centre. FA is the greatest line from F to the cir- 
cumference, and FD the least ; FB is greater than FC, and 
FC than FO, 

1. Join BE, CE, OE, ^ 

Then (L 2) BE^EF>BF, ^ 

but BE^AE, hence AF> BF, 

also QF+FE>QE', 

but OE^DE; 

hence QF+FE>DE; 

take away EF, and FG>FD, 
In the same way AF may be proved 
greater, and FD less, than any other lines from F, 
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2. Because BEy EF are equal to CE, EF, and the angle 
BEF greater than CEF, therefore (I. 8) BF is greater than 
CF. In the same way GF is greater than GF, 

Proposition 8, 

Theorem,. — If a point he taken vrithin a circle, from which 
there fall more thari two equal straight lines on the circumfer- 
ence, that point is the centre of the circle. 

Let Z) be a point in ABC, from which three equal lines, 
DAy DB,DC, are drawn to the circumference ; Z> is the centre 
of the circle. 

For, if not, let E be the centre ; join 
DEy and let it meet the circumference 
in F and G. Then because from 2>, a 
point in the diameter, lines are drawn 
to the circumference, the greatest is 
(III. 7) DG passing through the cen- 
tre, and DC is greater than DB, and 
DB than DA. But they are equal ■ 

(Hyp.) ; which is impossible. Therefore E is not the centre ; 
similarly, no point within the angle ADC can be the centre. 
Hence D is the centre. 



Proposition 9, 

Thsorem* — One circle cannot cut another in more than two 
points. 

If possible, let ABC ciiJ BDF in more 
than two points, as B, D, G. Take H, 
the centre of the circle ABC, and join 
HB^ HD, HG. And because from H 
three equal lines are drawn to the cir- 
cumference BDFy H is the centre of 
BDF. Therefore the same point is the 
centre of two circles which intersect, which is imnossible 
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(III. 5). Therefore the two circles cannot out in more than 
two points. 

Proposition 10. 

Theorem. — If two circles touch eacli other internally^ the 
straight line joining their centres, if produced, wiU pass through 
tlie point of contact 

Let ABCy ADE touch each other internally at -4, and let 
F and G be their centres ; the line FQ will pass through A. 

For, if not, let it fall otherwise, as 
CH. Join AFy A O ; and because O is 
the centre of ADE, BE is a diameter, 
and F a point in it. Hence (III. 7) FD 
is greater than FA ; but FA is equal to 
FH; hence FD is greater than FH; 
which is impossible. Hence the line 
joining FO will not pass otherwise than 
through A. 

Corollary 1, — If two circles Umch each other internally, the 
distance between their centres will he equal to the difference of 
their radii. And, conversely, if the distance between the centres 
he equal to the difference of the radii, the two circles will touch 
each other internally. 

Corollary 2, — Two circles cannot touch each other internally 
in more than one point. 

For, if possible, the line joining the points of contact would 
be a common chord, and the line perpendicular to this at the 
middle point >¥0uld be a diameter (III. 1, Cor.) to both circles, 
and therefore pass through the point of contact, which is 
impo&jible. 
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Proposition 11. 

Theorem. — If two circles toveh each other externally^ (he 
straight line joining the centres will pass through the point of 
eontact. 

Let the two circles, ABC, ADE, touch each other exter- 
nally at -4, and let F and O be their centres ; the straight 
line FO will pass through A, 

If not, let it pass otherwise, 
as FCDG, and join FA, OA. 
Now FA, FC, being radii of 
ABC, are equal; also, 6 A, 
GD, being radii of ADE, are 
equal. Hence, FA, AG are 

together equal to FC, GD; therefore FG is greater than 
FA, A G ; which is impossible. Therefore the line between the 
centres will not pass otherwise than through A. 

CkyrcUary, — If two circles touch each other externally, the 
distance between their centres wiU be equal to the sum of their 
radii. And, conversely, if the distance between the centres be 
equal to the sum of the radii, the two circles will touch externally. 




/ 



Proposition 13. 



Theorem, — Equal chords are equally distant from the centre; 
and those which are equally distant from the centre are equal to 
one another. 



Let the chords AB, CD in a circle be 
equal to each other ; they will be equally 
distant from the centre. 

Take E, the centre of ABDC, and 
draw EF, EG at right angles to AB, 
CD; join AE.EC Then, because 
EFy EG from the centre are at right 
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angles to AB, CD, they bisect (III. 3) them ; henoe AB is 
double AF, and CB double CG ; there- 
fore AF is equal to CG. 

Now, in the right-angled triangles 
AEF, CEGj because AF is equal to 
CG, and AE to EC, therefore EF is 
equal (I. 42, Cor. 3) to -EG; therefore 
AB, CD are equally distant from the 
centre (III. Def. 3). 

Also, if we suppose EF equal to EG, by a similar method 
we may prove AF is equal to CG ; hence AB is equal to CD. 




Proposition 13. 

Theorem,. — Tlie diameter is the greatest straight line in a 
circle; and of all others, that which is nearer the centre is 
greater than one more remote; and the greater is nearer the 
centre than the less. 

Let ABCD be a circle, and AD the diameter ; and let BC 
be nearer the centre than FG ; then will 
AD be greater than BC, and BC than 
FG. 

From the centre, E, draw EK, EH at 
right angles to FG, BC, and join EB, 
EC, EF; and because ^^ is equal to 
EB, and ED to EC, AD is equal to BE 
and EC; but BE and EC are greater 
than BC; hence AD 'la greater than BC. 

Because BC ia nearer the centre than FG, EH is less (III. 
Def 4) than EK. But FG is double FK, and 5(7 double BH; 
also the squares of EH, HB are equal to the squares EK, KF, 
both being equal (I. 42) to the square of the radius; but the 
square of EH is less (Def 4) than the square of EK, hence 
the square of BH is greater than the square of FK, and BH 
than FK, and therefore BC h greater than FG. 
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Next let -BC be greater than FO. By a simUar proof, EH 
may be shown less than EK\ that is, jBC is nearer the centre 
thanjPG. 

Proposition 14. 

Theorem* — The straight line drawn at right angles to the 
diameter of a circle from the extremity of it, falls without th6 
circle ; and no other straight line can he drawn from the eX' 
tremity of the diameter which does not cut the circle. 

Let ABC be a circle, AB its di- 
ameter, and AE drawn at right angles 
to it ; AE will fall without the circle. 

In AE take any point F and join 
DFy and. let DjP meet the circumfer- 
ence in C. 

Because DAF is a right angle, it is 
greater than DFA (1. 30) ; hence the 
opposite side DF is greater (I. 21) 
than DA or DC, Hence F is without the circle, and the same 
may be proved of any point of the line AE) therefore AE 
is without the circle. 

Again through A no other straight 
line can be drawn which does not cut 
the circle. 

For, draw A O, and DH at right an- 
gles to it ; then DHA being a right 
angle, it is greater than DAff, and 
DA is greater than DH, Hence H 
is within the circle, and A G cuts the 
circle. 

Corollary 1* — The straight line drawn at right angles to the 
diameter from its extremity touches the circle, and touches it only 
in one point. Also, there can hut one straight line touch a circle 
in a given point 

Corollary 2. — A tangent is at right angles to the radius 

7 
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through Ihe point cf emtact. A ke (he line drcBWn from Oie p$int 
of contact to Ihc centre is ai right angles to the tangent 

CJaroUary 3» — If a line touch a drde, and from the point ef 
contact a perpendicylar be drawn, the centre of the circle is in 
that line. 



Proposition lb. 

Brdblem. — To draw a straight line from a given point, ton- 
gmt to a given circle, 

1. Let A be the point and BCD 
the circle j it is required to draw a 
straight line from A tangent to 
BCD. 

Find E the centre of the circle; 
join AE, and with centre E and 
radius £[4 describe the circle -4 J!ff; 
from D dn^wDF at right angles to 
AE; join EF and AB ; AB touches 
the circle. 

Because in the two triangles AEB, FED^ AE, EB and 
AEB are equal to FE, ED and FED, each to each, there- 
fore (I. 4) EBA is equal to EDF\ but EDF is a right angle, 
therefore EBA is a right angle and AB is a tangent (III. 14, 
Cor. 1). 

2. Let D be the point. Draw DF at right angles to ED. 
DF is the required tangent. 

Scholium. — From A there can be drawn two equal tan- 
gents to BCD. For, produce FD to H\ join EH and AK. 
ThonAKE, ABEene equal right-angled triangles ; hence, -A-K" 
is equal to AB. 

CoroUary. — A line from a point without a circle to the centre 
bisects the angle formed by two tangents from this point. 
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Proposition 16. 

Theorem. — The angle at the centre of a circle is doubfe 
"ffie angle at the circumference upon ihe same base ; that is, upon 
the same part of the circumference. 

Let ABC be a circle, BDC the angle 
at the centre, and BA C the angle at the 
curcumference upon the same arc BC; 
BDC is double o{ BAC 

Let D fall within BAG. Join AD 
and produce it to JE/. 

Because DB^DA, therefore (I. 6) 
DAB = DBA sLudDAB^DBA - 2DAB. 
Now (L 30) BDE^DAB+DBA; 

BDE=2BAE, 

Similarly, CDE - 2CAE] 

BDC^2BAa 

Ijet D fall outside of BA C Then 
(last case) EDB^2EAB smd EDC 
='2EAC, subtracting (Ax. 3) BDC 
= 2BAa 

Proposition 17. 

Theorem. — The angles in the same segment of a circle are 
equal to one another. 

Let ABCD be a circle, and BAD^ BED angles in the same 
segment BAED ; the angles BAD, BED 
are equal to each other. Take jP, the 
centre of the circle, ABCD. And first, 
let the segment BAED be greater than 
a semicircle, and join BF, FD; and be- 
cause the angle BFD is at the centre, 
and the angles BAD, BED at the cir- 
cumference, both standing on the same 
arc BCD, therefore the angle BFD is 
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double (III. 16) of the angles BAD, BED; therefore the 
angle BAD is equal to the angle BED (Ax. 7). 

But, if the segment BAED be not greater than a semicircle, 
let BADy BED be angles in it; these 
also are equal to each other. Draw 
AF to the centre and produce it to C, 
and join CE\ therefore the segment 
BADC is greater than a semicircle; 
and the angles in it, BAQ BEO, are 
equal by the first case; for the same 
reason, because CBED is greater than 
a semicircle, the angles CAD, CED are 
equal ; therefore the whole angle BAD is equal to the whole 
angle BED. 

CoroUary* — The angles in a circle standing on ih^ same Q/rc 
are equal to one another. 




Proposition 18. 

Theorefm* — The opposite angles of any quadrilateral figure 
described in a circle are together equal to two right angles. 

Let ABCD be a quadrilateral figure in the circle ABCD ; 
any two of its opposite angles are to- 
gether equal to two right angles. 

Join AC, BD. The angle CAB is 
equal (III. 17) to the angle CDB, be- 
cause they are in the same segment 
BADC, and the angle ACB is equal 
to the angle ADB, because they are in 
the same segment ADCB ; therefore the 
whole angle ADC is equal to the angles CAB, ACB; to each 
of these equals add the angle ABC, and the angles ABC, 
ADC are equal to the angles ABC, A CB, CAB. But ABC, 
ACB, CAB are equal to two right angles (I. 30) ; therefore 
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also the angles ABC, ADC are equal to two right angles. In 
the same manner, the angles BAD, DCB may be shown to be 
equal to two right angles. 

CarcUary 1» — If any side of the quadrilateral be prodiiced, 
the exterior angle vdll be equal to the opposite interior angle. 

CoroUary 2. — A quadrilateral, of which the opposite angles 
are not equal to two right angles, cannot be inscribed in a circle. 



Proposition 19. 

Theorem* — In equal circles equal angles aJt ike centre stand 
on equal arcs ; and, conversely, equal arcs are subtended by equal 
angles ai Hie centre. 

Let ABC, DEF be equal circles, and BOC, EHF equal 
angles at their centres ; the arc BKC is equal to the arc 
ELF. 

For let the circle ABC be 
applied to the circle DEF, so 
that B shall be on ^ and -B(? 
on EH; and because the cir- 
cles are equal their radii are 
equal, and the point O will 
be on H; also because the 
angle BOC is equal to the 

angle EHF, the point C will be on -F. Now, because the cir- 
cumferences coincide and the points B and C coincide with E 
and F, the arc BKC must coincide with the arc ELF and be 
equal to it. 

Conversely, if BKC be equal to ELF, the angle BOC Sa 
equal to the angle EHF. 

For let the circle ABC hQ applied as before, with B on E, 
then because the arc BKC is equal to the arc ELF, C will 
coincide with F; also because the circles are equal (?*will co- 
7* 
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incide with H. Hence the angle B6C i» equfd to the angle 
£HF. 

CaroUary* — In equal circles, equal angles at the circumference 
stand on equal arcs, and conversely. 

For the angles at the circumferenGe are halves of the angles 
at the centre. 

Proposition SO. 

Theorem. — In equal circles equal straight lines cut off equal 
arcs, and, conversely, equal arcs are subtended by equal straight 
lines. 

Let ABC, DEF be equal circles, and let EC, EF be equal 
straight lines in them» then the arc BKC is equal to the arc 
ELF. 

Take (III. 1) O and H, 
the centres of the circles, and 
join BG, OC, EH, HF; and 
because the circles are equal 
BG, GO are equal to EH, 
HF, and -BC is equal to EF; 
therefore the angle BGC is 
equal (I. 9) to the angle EHF. But equal angles stand on 
equal arcs (III. 19) ; therefore, the arc BKC is equal to the 
arc ELF. 

Conversely, if BKC be equal to ELF, BC is equal to EF. 

For because BKC is equal to ELF, the angle BGCk equal 
(HI 19) to the angle EHF, and BG, GC are equal to EB 
HF; therefore BC is equal (L 4) to EF. 

Proposition 21. 

Thetkrem. — The angle in a semicircle is a right angle; the 
angle in a segment greater than a semdcirde, is less than a right 
angle ; and the angle in a segment less than a semietrole, is gr&der 
tha7i a right angle. 

Let ABCD be a eirde of which the diameter is BC and 
centre E; draw CA, dividing the circle into segments ABC^ 
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ADC, and join BA, AD, DC; the angle in the semicircle 
BA C is a right angle ; the angle in 
the segment ABC is less than a right 
angle ; and the angle in the segment 
ADC is greater than a right angle. 

Join AE; and because BE is equal 
to EA, the angle EAB is equal (I. 6) 
to the angle EBA ; also because EA 
is equal to EC, the angle EAC is 
equal to ECA ; therefore the whole 
angle BAC is equal to the two angles ABC and ACB, and 
consequently is one half the sum of the angles of the triangle 
ABC; therefore (I. 30) the angle BAC in a semicircle is a 
right angle. 

And because the two angles ABCy BA C of the triangle 
ABC are together less (I. 19) than two right angles, and 
BAC is a right angle, ABC must be less than a right 
angle. 

Also, because ABCD is a quadrilateral figure in a circle, 
any two of its opposite angles, as ABC, ADC, are equal 
(III. 18) to two right angles; and ABC is less than a right 
angle; wherefore the other, ADC, is greater than a right 
angle. 

Proposition 22. 

Theorem,. — If a gtraighi Hn^ Uwch a eirde, and from ihe 
point of contact a straight line he drawn cutting the circle, 
the angles made by this line with ihe line which touches ihe 
circle, will be equal to the angles in the alternate segments of the. 



Let the straight line EF touch the circle ABCD in B, and 
from the point B let the straight line BD be drawn cutting 
the circle ; the angle FBD is equal to the angle which is in 
the segment DAB, and the angle DBE to the angle in the 
segment BCD, 
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From the point B draw (I. 11) 
BA at right angles to EF, and 
take any point C in the arc BD, 
and join AD, DC, CB, Now 
(III. 14, Cor. 3), AB is a diameter, 
and the angle ADB in a semi- 
circle is a right angle (III. 21), 
and consequently the other two 
angles, DAB and DBA, are equal 

(I. 30) to a right angle, and therefore equal to ABF. Take 
from these equals the common angle ABD, and there will 
remain the angle DBF, equal to the angle BAD^ which is in 
the alternate segment of the circle. 

And because ABCD is a quadrilateral figure in a circle, 
the opposite angles BAD, BCD are equal (III. 18) to two 
right angles ; therefore the angles DBF, DBF, being likewise 
equal (1. 15) to two right angles, are equal to the angles BAD, 
BCD; and DBF has been proved equal to BAD; therefore 
the remaining angle DBF is equal to the angle BCD in the 
alternate segment of the circle. 



Proposition 23. 
Firdhlem. — To Used a given are. 

Let ABC be a given arc ; it is required to bisect it 

Join AC, and bisect (I. 10) it in D. 
From the point D draw DB at right 
angles to A C, and join AB, BC, 

Because in the triangles ADB, CDB, 
AD, DB and the angle ADB of one, 
are respectively equal to CD, DB, and CDB of the other, 
AB is equal (I. 4) to BC. But equal lines cut off equal 
arcs; hence the arcs AB, BC are equal, and ABC is bi- 
sected. 
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Proposition 24. 

JProblem, — Upon a given straight line to describe a segment 
of a circle, containing an angle equal to a given rectilineal 
angle. 

Let AB be the given straight line, and the angle at C the 
given rectilineal angle ; it is required to describe upon AB a 
segment of a circle containing an angle equal to G. 

First, let (7 be a right angle ; bisect 
(I. 10) AB in Fy and from the centre, 
F, at the distance FB, describe the semi- 
circle AHB ; the angle AHB being in 
a semicircle is (III. 21) equal to the 
right angle at C — ^ 

But if the angle at C be not a right | 

angle, at the point A in the straight line 
ABy make (1. 13) the angle BAD equal to the angle at C, and 
from the point A draw (I. 11) AE at 
right angles to AD ; bisect (1. 10) AB in 
Fy and from F draw (1. 11) FG at right 
angles to AB, and join GB ; then in the 
triangles AFGy BFG, the two sides AF^ 
FG are equal to the two BFy FG ; and 
the angle AFG is also equal to the angle 
BFG) therefore AG ]a equal (I. 4) to 
GB ; and the circle described from the 
centre G, at the distance GAy will pass 
through the point B\ let this be the 
circle AHB ; and because from the point Ay the extremity of 
the diameter AE, AD is drawn at right angles to AE, there- 
fore AD (III. 14, Cor. 1) touches the circle ; and because AB, 
drawn from the point of contact. A, cuts the circle, the angle 
DAB is equal to the angle in the alternate segment AHB 
(III. 22) ; but the angle DAB is equal to the angle C, there- 
fore also the angle C is equal to the angle in thfe segment 

F 
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AHB; wherefore upon AB the segment AHB is described, 
which contains an angle equal to C. 



Fropositioii 25. 

Problem. — To cut off a segment from Om given circle which 
shall contain an angle equal to a given reetUineal angle. 

Let ABC be the given circle, and D the given rectilineal 
angle; it is required to cut off a segment from the circle 
ABC, which shall contain an angle equal to the angle at D, 

Draw (III. 1*5) EF, touching the 
circle ABC in the point B, and make 
(1.13) the angle FBC equal to the 
angle Z>. Therefore because EF 
touches the circle ABC, and J5C is 
drawn from the point of contact J5, 
the angle FBC is equal (III. 22) to 
the angle in the alternate segment 
BAC; hvLtFBCk equal to 2> ; there- 
fore the angle in the segment BA C is 
equal to D ; wherefore the segment BAC is cut off the circle 
ABC, containing an angle equal to D. 

Fropositioii 26. 

Piroblem. — In a given circle to inscribe a triangle equian- 
gular to a given triangle. 

Let ABC be the given circle, and 
DEF the given triangle ; it is re- 
quired to inscribe in the circle 
ABC a triangle equiangular to 
DEF. 

. Draw (III. 15) GAR touching 
the circle in the point A, and make 
(1. 13) the angle HA C equal to the 
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angle DEF, and the angle QAB equal to the angle DFEy and 
join BC. The angle HAC is equal (III. 22) to the angle 
ABC in the alternate segment of the circle. But HAC is 
equal to the angle DEF; for the same reason the angle A CB 
is equal to the angle DFE; therefore the remaining angle 
BAC is equal (I. 30, Cor. 4) to the remaining angle EDF; 
wherefore the triangle ABC is equiangular to the triangle 
DEF, and is inscribed in the circle ABC. 



!^oposition 27. 

Problem* — About a given circle to dacribe a triangle equi- 
angular to a given triangle. 

r. 

Let ABC be the given circle, 
and DEF the given triangle ; 
it is required to describe a tri- 
angle about the circle ABC 
equiangular to DEF. 

Produce EF both ways to 
the points O, H, and find 
(III. 1) the centre K, of the 
circle ABC, and from it draw 
any straight line KB\ make 
(I. 13) the angle BKA equal 
to the angle DEO, and the ^ 
angle BKC equal to the angle DFH; and through the 
points A, By C draw the straight lines LAM, MBN, NCL 
touching (III. 15) the circle ABC', therefore because LM, MN, 
NL touch the circle ABC, and KA, KB, KC are drawn to 
the centre, the angles at the points A,B,C are right (III. 14, 
Cor. 2) angles, and the four angles of the quadrilateral figure 
AMBK are equal to four right angles, because it can be 
divided into two triangles ; and because two of them, KAM, 
KBM, are right angles, the other two, AKB, A MB, are equal 
to two right angles. But the angles DEO, DEF are likewise 
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equal (1. 15) to two right angles ; therefore the angles AKB, 
AMB are equal to the angles ^ 

DEO, DEF, of which AKB is 
equal to DEO', wherefore the 
remaining angle AMB is equal 
to the remaining angle DEF, 
In like manner the angle LNM 
may be proved equal to the angle 
DFE; and therefore the remain- 
ing angle MLN is equal (I. 30, 
Cor. 4) to the remaining angle 
EDF; wherefore the triangle 
LMN is equiangular to the tri- 
angle DEF, and it is described if" 
about the circle ABC, 




Proposition 28. 

Problem, — To inscribe a drele in a given triangle. 

Let the given triangle be ABC', it is required to inscribe a 
circle m ABC. 

Bisect (1. 7) the angles ^jBC, 
BCA by the straight lines -BZ), 
CD, meeting each other in the 
point D, from which draw (I. 
12) DE, DF, DO, perpendicu- 
lars to AB, BC, CA. Then, 
because the angle EBD is equal 
to the angle FBD, and the right 
angles BED, BFD are equal, 
the two triangles EBD, FBD 
have two angles of the one 
equal to two angles of the other ; 
and the side BD common to 
both ; therefore their other sides 
are equal (I. 24) ; wherefore DE is equal to DF. For the 
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same reason, DO is equal to DF; therefore DE, DF, DObxq 
equal to one another, and the circle described from the centre 
D, at the distance of any of them, will pass through the 
extremities of the other two, and will touch the straight lines 
AB, BC, CA (III. 14, Cor. 1). Therefore the circle EFO is in- 
scribed in the triangle ABC. 

CoroUary. — From this it is manifest {hat the three lines 
bisecting the angles of a triangle intersect in the same point. 



Proposition 29. 

jProftlem. — To describe a circle abovi a given triangle. 

Let the given triangle be ABC; it is required to describe a 
circle about ABC. 

Bisect (1. 12) AB, AC ia the points 2>, -E, and from these 
points draw DF, EF at right angles (I. 11) to AB, AC\ 
DF, EF produced will meet each other ; for if they do not 
meet they are parallel, wherefore AB, A C, which are at right 
angles to them, are parallel, which is absurd. Let them meet 




in jP, and join FA, FB, FC; then, because AD is equal to 
BD, and DF common, and at right angles to AB, the base 
AF is equal (I. 4) to the base FB, In like manner CF is 
equal to FA ; therefore FA, FB, FC are equal to one another ; 
wherefore the circle described from the centre F, at the dis- 
tance of one of them, will pass through the extremities of the 
other two, and be described about the triangle ABC. 

Corollary 1. — From this it is evident that the three lines ai 
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right angles to the sides of a triangley from their middle points, 
intersect in the same point. 

CoroUary 2. — If an arc of a circle he given, we can find 
its centre by taking three points in it, joining them, and finding 
the centre of the circumscribed circle. 

Corollary 3. — If the triangle be right-angled, the centre is 
on the hypotenuse; also, if a circle be described on the hypo- 
tenuse, it will pass through the right angle. 




Proposition 30, 

Theorem, — The perpendiculars to the three sides of a tri- 
angle from the opposite angles intersect in the same point 

Let ABC be a triangle, and 
BD, CE the perpendiculars on 
A C, AB respectively-. Let them 
intersect at F\ join AF, and pro- 
duce it, if necessary, to meet BC 
in O ; then A OB is a right angle. 

Join ED', upon AF and BC 
as diameters describe circles ; be- 
cause the angle AEF is a right 
angle, the circle on AF will pass 

through the point E (III. 29, Cor. 3) ; for the same reason it 
will pass through the point D. Similarly, the circle on BC 
will pass through E and 2>. 

Because the angles EAF, EDF are in the same segment 
EADF, they are equal to each other ; and because the angles 
EDB, ECB are in the same segment EDCB, they are equal 
to each other ; therefore the angles EAF and ECB are equal 
to each other. Then, because in the triangles BA O, BEC the 
angle B is common, and the angles BA O, BCE equal to each 
other, therefore the remaining angles BEC, BOA are equal to 
each other; but BEC is a right angle; therefore BOA is a 
right angle, and AO is perpendicular to BC. 
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EXERCISES, 



1. To describe a circle that shall pass through three given 
points not in the same line (III. 1). 

2. To describe a circle that shall pass through two given 
points and have a given radius, which must not be less than 
half the distance between the points. 

3. To describe a circle that shall be tangent to two inter- 
secting lines and have a given radius. . 

4. To describe three equal circles tangent to one another. 
Construct an equilateral triangle; make the three angles 

the centres, and half the sides, the radii of the circles. 

5. Show, in the last example, the common tangent to two 
of the circles will pass through the centre of the other. 

6. To draw, parallel to a given straight line, a tangent to a 
given circle. 

7. To draw, perpendicular to a given straight line, a tangent 
to a given circle. 

^^^, A quadrilateral is described so that its sides touch a 
circle. One pair of its opposite sides is equal to the other 
(HI. 15, Sch.). 

9. No parallelogram but an equilateral one can be described 
about a circle (III. 15, Sch.). 

Y 10. No parallelogram but a rectangular one can be in- 
s^ibed in a circle (III. 21). 

11. A triangle is inscribed in a circle ; the three angles in 
the segments exterior to the triangle, are equal to four right 
angles (III. 18). 

12. A quadrilateral is inscribed in a circle ; the four angles 
in the segments exterior to the quadrilateral, are equal to six 
right angles (III. 18). 
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13. The straight lines in a circle which join the extremities 
of parallel chords, are equal to each 
other. 

14. If the chord FO be drawn paral- 
lel to the tangent at Ay the triangles 
ABC, ADE shall have equal angles 
(III. 22). 

15. If two circles touch each other 
externally, the straight lines joining 
the opposite ends of two parallel diam- 
eters shall pass through the point of contact. 

Join AB'y it will pass 
through the point of con- 
tact ; draw BD any direc- 
tion; join DCy and pro- 
duce it to meet the other 
circumference in ^; join 
EA. Now prove EA is 
parallel to DB. 

16. If any two chords, AB and CD^ 
cut each other in a circle, and their 
extremities be joined, the triangles 
AED, CEB, as also AEC^ BED, will 
have equal angles (III. 17). 

17. If any number of right-angled 
triangles are described on the same 
hypotenuse, their vertices are in the 
circumference of the same circle. 

Let ABD be a triangle, and AB the 
hypotenuse. Bisect the hypotenuse, and 
join the point of bisection with the oppo- 
site angle ; draw CF, CE parallel to the 
sides. EF is a rectangle, because Z) is a 
right angle. In the triangles ACF, CEB, CF^EB. 
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DE=EB, DF'AF. 

Show now that the circle on AB will pass through D. 

18. The circles described on the equal sides of an isosceles 
triangle as diameters will intersect at the middle point of the 
base. 

Join the middle points FD, ED. 

See the 18th Example, Book I., to prove 
that ED is parallel to AC, and DF to AB. 
. • . AD is a parallelogram. Hence the circles 
described with E and F as centres, and radii 
FA, FAy will pass through D. 

19. The greatest rectangle that can be in- 
scribed in a circle is a square. 

We want to prove that ABC, half a square, is greater than 
AEC, half of any other rectangle. 
Draw BO parallel to ^C, and let 
AE meet it in O. 

^50. An exterior angle of an in- 
scribed quadrilateral is 30°. How 
many interior angles are known ? 

21. The angle between a tangent 
and diameter is bisected. How 
many degrees in the angles in the 
two segments formed ? 

22. A tangent makes an angle of 60° with a chord. What 
portion of the circumference does the chord cut off? 

23. If circles be described in and about an equilateral tri- 
angle, they have the same centre. 

7^4. If equilateral triangles be described in and about a 
circle, the area of one will be four times the area of the 
other. 

Pass the sides of one through the angles of the other. 
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25. Two tangents from the same point outside a circle make 
equal angles with the chord joining the points of contact. 

26. If the three points in which the inscribed circle meets 
the sides of a triangle be joined, the triangle formed will be 
acute-angled. 

27. If tangents be drawn through the extremities of two 
diameters of a circle, a square or rhombus is formed. 

28. Find the centre of a circle, cutting off equal chords 
from the sides of a triangle. 

It is the centre of the inscribed circle. Prove it 



BOOK IV. 

EATIOS. 



JDEFIJTITIOJfS. 

1. Batio is the relation with respect to magnitude, which 
Dne quantity bears to another of the same kind, and is the 
quotient arising from dividing the first by the second. 

The ratio of ^ to 5 is -—; or, as it is usually written, 

A : B; the ratio of 2 to 4, is f or ^. 

. 2. A proportion expresses the equality of two or more 
ratios. 

If the ratio of ^ to 5 be the same as the ratio of C to 

A C 

D, these quantities form a proportion; thus, ~^ = 7r> or 

A : B :: C : D, Hence a proportion may be represented 
by an equation with both members fractional. 

3. Batio may be direct or inverse. 

If X and y be two variable quantities, such that, as x 
increases, y increases at the same rate (that is, as x doubles, 
y doubles, etc.)> ^ and y have a direct ratio to each other. 
K, as a; increases, y diminishes proportionally (that is, as x 
doubles, y becomes one-half its former value, etc.), x and y 
have an inverse ratio to each other. Since, in an inverse 
ratio, X is proportional to the reciprocal of y, an inverse ratio 
is frequently called a reciprocal ratio. 
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4. The first terms of the ratios (that is, the first and third 
terms of the proportion) are called antecedents, and the 
second and fourth, consequents* 

5. The first and fourth terms are cailed extremes, and the 
second and third, means. 

6. Quantities are in continued proportion when a conse- 
quent of one ratio is the same as the antecedent of the next. 

Thus, A I B.:. B : C :: G : D, etc. 

7. The second quantity is then said to be a mean propor- 
tional between the first and third ; and the third is a third 
proportional to the first and second. 

8. In a proportion the fourth term is said to be a fourth 
proportional to the other three taken in order. 

9. Quantities are in proportion alternately, when antece- 
dent is compared with antecedent, and consequent with con- 
sequent. ' 

If A : B :: C : D, then, alternately, A : C :: B : D. 

10. Quantities are in proportion inversely, when antece- 
dent is made consequent, and consequent, antecedent. 

If ^ : ^ : : C : 2>, then, inversely, B : A :: D : C. 

11. Quantities are in proportion by composition, when the 
sum of antecedent and consequent is compared with either 
antecedent or consequent. 

If -4 : -B : : C : D^ then, by composition, 
^ A^B : AotB :: C+D : C or D. 

12. Quantities are in proportion by division, when the dif- 
ference of antecedent and consequent is compared with either 
antecedent or consequent. 

If A I B :: C : D, then, by division, 

A-B : AorB :: C-D : C or D. 
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Proposition 1. 

Theorem* — If four quantities be in proportion, the product 
. of ihe extremes is equal to the product of the means. 

Let A : B :: C: D, 

then we wish to prove AxD^BxC. 

A C 
For, because — = — , multiplying hj BxD, we have 
B D 

AxD-^BxC. 

CareUary 1. — If three quantities be in continued propor- 
tiony ihe product of the extremes is equal to the square of the 
tnean. 

If A : B :: B : C, 

then, by this proposition, 

AxC=BxB = B'. 

Ckyroilary 2, — A mean proportional between two quantities 
is the square root of their product ; for B = VAx C. 

Scholium. — When we speak of the product of two quanti- 
ties, one of them at least must be a number. We cannot 
have the product of two lines, or of two surfaces, or of two sol- 
ids, using these terms in their geometrical sense. When we, for 
convenience, use the expression product of two lines, we mean 
the number of units in the length of one, multiplied by the 
number of units of the same kind in the length of the other. 
Expressed in this way, lines become numerical quantities, and 
may be used as factors. If A and B be two lines, and C the 
common unit of measure, and if A contain C, m times, and 

B contain C, n times, then evidently — = = — . Hence, 

B nC n 

when we have the ratio of two lines, we may substitute the 

ratio of their numerical measures, and the same is true of sur- 

feces and solids. The Theorems of this book which involve 
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simply ratio are therefore directly applicable to all cases of 
geometrical magnitudes ; while the remainder are rendered so 
by the considerations mentioned in Scholium 2, page 117. In 
the above m and n may represent any numbers integral, frac- 
tional, or mixed. 

Proposition 2. 

Theorem. — If the product of two qtumtities be equal to the 
product of two others, these four quantities may form, a prapor- 
tion, one set being taken for the extremes and the other for the 
means. 

then A :B :: C : D. 

For, because AxD^BxC 

A C 
Dividing both sides hj BxD, we have "^ * 77 > 

or A : B :: C : D. 

Scholium. — From this it is manifest that we can form a 
number of proportions from the equation J. x 2) = 5 x G The 
only limitation being, that if ^ be made a mean or an extreme, 
D must be the other mean or extreme. Thus we might have 

A :C :: B : D, 
B :A :: D : a 
C :A :: D : B, etc. 

Propositioii 3. 

Uieorem. — Equimultiples of two quantities are proportional 
to the quantities. 

Let A and B be two quantities, and mA and mB equimul* 
tiples of them. 

Then A : B :: mA : mB. 

For — = — , or ^ : -B : : mA : mB. 

B mB 



A : B 


: : C : D, 


mA : mB 


:: nC : tiD. 


A C 
B D' 


mA nC 
mB nD ' 


mA : mB 


:: nC : nD. 
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CoroUary. — Eqwd meamrea of two quantUiea are propor- 
Honal to the guantitiea. 

This may be proved aa the above by supposing m to be 
fractional. 

Proposition 4. 

Theorem.— If equimultiplea be taken of the first and second 
terms of a proportion, and also of the third and fourth, the re- 
sulting terms are proportional. 

If 

then 

For, because 
or. 



Proposition 5. 

Hieorem. — if equimvMiples be taken of the first and third 
terms of a proportion, and also of the second and fourth, the 
resulting terms are proportional. 

If A : B :: C : D, 

then mA : nB : : mC : nD, 

For, because -^ "= ^r > multiplying by — , 

mA _mC 
^~~nD' 
or, mA : nB : : mC : nD. 



Proposition 6. 

Theorem. — If four qua7ititie8 be in proportion, if the first 
be any multiple of the second, the third is the same multiple of 
the fourth. 
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If A : B :: C: D, andA^mB, 

then C=mD, 

A C 

For, because "^ "^ n" > *"^^ A'^mB, 

therefore, -— - = t^t , or -- - m, whence C- mZ). 

B D D 



Proposition 7. 

Theorem. — If four gtiantities of the same kind be in proper^ 
iion, they are in proportion when taken altematdy. 

If A . B :i C I D, 

then A : C :: B : D. 

From (IV. 1) AxD-^BxC, 
therefore (IV. 2), A : C :: B : D. 

Proposition 8. 

Theorem. — If four quantities he in proporOmi, they are in 
proportion when taken inversely. 

If A : B :: C : D, ^ 

then B : A :: D : C. 

From (IV. 1) AxD==Bx Q 
therefore (IV. 2\ B : A : : D : C. 

Proposition 9. 

Theorem. — If four quantities be in proportiony they are in 
proportion by composition. 
If A : B ::C : D, 

then A+B : B :: C^D : 2>, 

and A + B : A:: C^D : G 
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A C 
For, because "^ * — , adding 1 to both members, 

A . C ^ A^B C^D 

B D ' B D ' 

or, A+B : B :i C^D : a 

B 2) 
Also (IV. 8), "7 - 77> whence, as before, 

A C 

A-^B : A :: C^D : 0. 



Proposition 10. 

Theorem. — If four quantities be in proportion, (hey are in 
proportion by division. 

If A : B ::C : D, 

then A-B : B :: C-D : A 

and A-B : A :: C-D : C. 

A O 
For, because "^ "= ^ > subtracting 1 from both members^ ; 

A ^ G ^ A-B C-D 
^-1-^-1, or -^ = -^, 

or, A-B : B :: C-D : D. 

Also, because — = — ,wehave 

A C 

A-B : A:: C-D : C. 



Proposition 11. 

JTtearenim — If four quantities be in proporHon, the sum of 
(he first and second is to their difference, as the sum of the third 
and fourth is to their difference. 

If Ai B .:C : D, 

then -4+J5 i A-B :: C^D : C-D. 

9 G 
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A+B C+D 



From (IV. 9) 
Prom (IV. 10) 



B D • 

A-B C-D 



B D 

Dividing one equation by the otiier, and striking out (IV. 3) 
the common terms, B and i), and we have 

A+B C+D 
A--B G-D' 

or, A+B : A-B :: C+D : C-D. 



Proposition 12. 

Theorem. — The products of the corresponding terms of two 
numerical proportions are in proportion. 

If A : B :: C : D, 

and E : F :: O : H, 

then A.E : B,F :: CO : n.H. 

For, because -— = -zr ,and — : =• -==.* 
B D F H 

multiplying the equations together, 

A.E C.O 

B,F D.H' 

or, A.E : B.F .: C.O : D.H. 

CoroUary 1. — The continued products of the corresponding 
terms of any number of proportions are in proportion. 

CoroUary 2. — If four quantities he in proportion, like 
powers of them are in proportion. 

For, if in last corollary all the corresponding terms be the 
same, the products would be like powers of th% terms. 
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Proposition 13. 

Tli>eorem. — If two proportions have in each ratio an ante- 
cedent of one Uie same as a consequent of the other, the other 
terms are in proportion^ antecedent remaining antecedent^ and 
consequent, consequent. 

If A : B :: C : D, 

and B : E :: F : C, 

then A : E :: F : D. 

For multiplying term by term, 
(IV. 12), A.B : B.E:: C.F : D.C. 

Cutting out the common factors from each ratio, 
(IV. 3, Cor.), A : E :: F: D. 

CkyroUary. — Hence, also, if 

A : B :: C : D, 
and B : E :: F : O, 

then A : E :: C.F : D.O. 

Propositioii 14. 

Theorem. — Eqwd quantities have the same ratio to the same 
quantity, and quantities which have the sams ratio to the same 
quantity, are equal to each other. 

Let A and B be equal magnitudes, and C another. 
Then A : C :: B : C. 

Let 7T""'^5 then, because -4 «-B, -^ = w». 

Hence — = — , or ^ : C :: B : C. 

C C 

Again,if ■— - — , let J *mC,then (IV.6)i>=mG Hence 
C C 

A-B. 
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Propositioii 15. 

Theorem. — If two proportions have one ratio in eadi the 
same, the remaining terms are in proportion. 

Let A : B :: G : D, 

and E : F :: C : D; 

then A : B ::E : F. 

^ . AC.EC^. ^AE 

For, because -:=- = ^z- and ^=r = -z-, therefore — ■ « — -, 
B D F D B F 

or A : B :i E I F. 

Propositioii 16. 

Theorem. — Ijf any number of qtiontities be in proportUm, 
any antecedent is to Us eonseqaenty as the sum of aU the ante- 
cedents is to the sum of all tfie conseqtients. 

If A : B :: C : D :: E.F, etc., 

then A : B :: AfC+E, etc. : B+D+F, etc. 

Let ^ - mB, then (IV. 6) C- mD and E^mF, etc. 

Adding these, we have 

A-\- C+E, etc. -m(-B+2)+ J'), etc., 

, A + C-^E, etc. T» X -4 

whence -- — - — — « m. But ■zir'^m: 

B+D+F, etc. B 

therefore A \ B :\ ^+C+-E+etc. : -B+D+l^'+etc. 



EXERCISES. 

1. If A I B :i B iC, prove A i C i: A^ . B^. 

2. If A : OB : C, prove ^>5. 

3. K A+B : A :: C+D : C, prove A : B :: C : D. 
4.J£ A : B :: G : D, prove A : B :: A-G : B-D. 

5. If - 1, what is the ratio of a; to y f 



BOOK V. 

SIMILAR POLYGONS -MEASUREMENT OF 
POLYGONS. 





DEFIJflTIOJfS. 

1. Sixnilarrectilinealfig- 
Hres are those which have 
their several angles equal, 
each to each, and the sides 
about the equal angles pro- 
portional. 

2. A straight line is cut in extreme and mean ratio when 
the whole is to the greater -segment, as the greater segment 
is to the less. 

3. The altitude of a triangle is the straight line drawn from 
its vertex perpendicular to the base, 

or the base produced. 

As any side of a triangle may be 
considered the base, a triangle may 
have three altitudes. The altitude 
of a parallelogram is the perpen- 
dicular distance between either pair of parallel sides. 

4. The homologous sides of similar rectilineal figures are 

9« 101 
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those which are adjacent the equal angles ; in triangles they 
are those which are opposite the 
equal angles. Thus, if A=D, 
B = E, and C=F,AB andD^are 
homologous sides, as also A C and 
DF, and BC and EF. The cor- 
responding parts of two figures are 
called homologous whether they be lines or angles. 




Proposition L 

Theorem. — Rectangles of equal aUitvde are proportional to 
their bases. 

There are two cases : 1. Where the bases are commensur- 
able. 2. Where the bases are incommensurable.* 

1. Let AB and CD be two rectangles having equal altitudes, 
AE and^CF; 
then AB : CD :: EB : FD. 

Divide the base EB 
into any number, as 7, 
equal parts, and let FD 
contain 4. Through the 
points of division draw 
lines parallel to AE and 
CF. Then AB&nd CD 
will be divided into 
equal (I. 34) rectangles, 
of which AB will con- 
tain 7 and CD 4. 






AB : CD 
But EB : FD 

.•.(IV. 15), AB : CD 



7 : 4. 

7 : 4; 

EB : FD. 



♦Quantities are commensurable when they exactly contain the same 
unit ; thus, two lines respectively 7 and 4 feet long are commensorable, 
but two lines respectively 1^2 and 4 feet long are incommensurable. 
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2. They are incommensurable. 

Apply the smaller rectangle 
^ C to tfie larger AB, so that 
their bases shall be in the 
same line, and one angle E in 

each common ; and if it be not ^ cf b b 

ixMQ\ks.2XAB\AG\\EB\EG, 
suppose that AB i AC :\ EB : ED. ' 

Lay off the unit of measure, which we take less than CD^ 
on EB ; at least one point of division, as F, will fell between 
C and D ; draw FO parallel to AE. 

Then, according to Case 1, 

AF : AB : : EF : EB. 
But AB : AC 11 EB I ED; ♦ 

. • . (IV. 13), AF : AC IX EF I ED. 

But EF is less than EDy therefore AF is less than AC, 
which is impossible. Therefore, no other line but EC can be 
a fourth proportional to AB, A C, and EB. 

AB : AC :: EB : EC. 

Coronary 1. — Parallelograms of equal aJUtude are propor- 
tional to their bases. 

For any parallelogram is equivalent to a rectangle having 
the same base and altitude (I. 33). 

CoroUary 2. — Triangles of eqiwl aUitude are proportional 
to their bases. 

For a triangle is half a parallelogram of the same base and 
altitude (I. 35, Cor.). 
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Proposition 2. 

The€Mrem» — If a straight line be drawn parallel to one of 
the fddes of a triangle^ it will cut ike other sides, or those sides 
produced proportionally; and if the sides of a triangle, or the 
sides produced, he cut propoHionally, the straight line which 
joiiis the points of section will be parallel to Hie other side of 
the triangle. 

Let DE be drawn parallel to BC, one of the sides of the 
triangle ABC; 
then BD : DA : : CE : EA. 




Join BE, CD ; then the triangle BDE is equal to the tri- 
angle CDE, because they are on the same base DE, and 
between the same parallels, DE, BC; and ADE is another 
triangle ; and equal quantities have (IV. 14) the same ratio 
to the same quantity. 

BDE : ADE : : CDE : ADE. 

But (V. 1, Cor. 2) 

BDE : ADE :: BD : DA, 

the common altitude being the perpendicular drawn from E 
to AB. 



Similarly, CDE 
.-. (IV. 15), BD 



ADE :: CE : EA; 
DA :: CE: EA. 
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Next, let BD : DA :: CE : EA; 

then will DE be parallel to BG 

Because BD : DA :: CE : EA, 

ajid(YA,CoT.2\BD : DA :: BDE : ADE; 
also, CE.EA:: CDE : ADE; 

.-. (IV. 15), BDE : ADE :: CD^ : ADE. 
Therefore BDE and C©^ have the same ratio to ADE\ 
therefore (IV. 14), BDE^CDE. 

Hence they are between the same parallels (I. 37) ; that is, 
DE is parallel to BC. 

CfaroUary. — (See first figure.) 

If AD : DB :: AE: EC, 

by efrnposiivm, AD+DB : AD :: AE+EC : AE, 
or, AB : AD :: AC: AK 



Proposition 3. 

Theorem. — If the vertical angle of a triangle be bisected by 
a itraight line which also cuts the base, the segments of the base 
will have the same raiio, which the other sides of the triangle 
have to each other. 

Let ABC be a triangle, and let the angle BAChe bisected 
by the straight line AD, which meets the base at D ; then 

BD : DC:: BA : AC. I 

Through C draw CE parallel to 
AD, meeting BA produced in E. 
Then, because AC meets the 
parallel lines AD, CE, the angles 
ACE, DAC are equal (I. 27). 
But the angle CAD (Hyp.) is 
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equal to BAD; therefore ACE ia equal to BAD. Again, 
because BAE meets the parallel lines AD, EC, the angles 
BAD, AEC are equal; but BAD was shown equal ACE, 
therefore the angles AEC, ACE are equal, and the side AC 
is equal (1. 14) to the side AR 

Now, because EC is drawn parallel to AD, 

(V. 2), BD : DC:: BA : AR 

But AE^AC\ 

.-. (IV. 14), BD : DC:: BA : AC 

Proposltioii 4, y^ 

Theorem* — The sides abotd the equal angles of mutually 
equiangular triangles are proportional; and the homologous 
fides are the antecedents or consequents of the ratios. 

Let ABC, DEF be tri- 
angles equiangular to each 
other, having the angle A 
equal to the angle D, B 
equal to E, and C equal 
to F. The sides about the 
equal angles will be pro- 
portional. 

Let the triangle DEF be so placed that the angle D will 
be at A, and the line DE on the line AB ; and because the 
angle D is equal to the angle A, the line DF will fall onAC\ 
E will be at some point in AB, as O, and F at some point in 
AC,2^H', join OH', and because the angle A OH is equal 
to the angle ABC, the side OH is parallel (I. 26) to the 
side BC. 

.-. (V.2,Cor.), AB : AO :: AC : AH; 

alternately (IV. 7), 4^ : AC :: AO : AH, 

or, AB : AC :: DE : DF. 
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The antecedents AB and DE are opposite the equal angles 
C and F^ and are therefore homologous, as also the conse- 
quents AC and DF. 

In the same manner we may prove the sides about any 
other angle proportional. 

CaroUary. — Hence all mutually equiangular triangles are 
similar^ 

Propositioii 5. 

Theorem. — If the sides of two triangles about each of their 
angles be proportional, the triangles will be similar. 

Let the triangles ABC, DEF have their sides proportional, 
so that AB : DE :: BC : EF :: AC: DF; 

then will the triangles be fflmilar. 

At the points E and F 
.in the straight line EF, 
make (I. 13) the angles 
FEO, EFO equal respect- 
ively to the angles ABC, 
ACB; then will the re- 
maining angle O be equal 
(I. 30, Cor. 4) to the re- 
maining angle A. 

Wherefore the triangles 
ABC, OFF are equiangu- 
lar, and (V. 4), 






AB : 


; BC:: OE : 


EF; 


but (Hyp.) 


AB ; 


: BC:: DE: 


: EF; 


.•.(IV. 15), 


QE 


: EF :: DE : 


EF; 


.'. (IV. 14), 




OE-DK 




Similarly, 




DF= GF. 
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And because the triangles DEF, OEF have one eide, JEF, 
common, and the other sides equal, each to each, the angles 
of one are equal (I. 9) to the angles of the other. But the 
angles of the triangle OEF are, by construction, equal to the 
angles of the triangle ABC. Therefore ABC, DEF are also 
equiangular, and therefore (V. 4) similar. 



Proposition 6. 

Theorem. — If two triangles have one angle of the one equal 
to one angle of tlie other, and the sides about the egual angles 
proportional, the triangles wiU he similar. 

Let the triangles ABC, 
DEF have the angle A 
equal to the angle D, and 
q\sx)AB\AC:\DE:DF; 
then will the triangles 
ABC, DEF be similar. 

Place D on A, and DE 
on AB ; then will DF fall 

on AC. Let E fall at O, then will F fall at some point in 
AC, aa H. 

Md because AB : AC :: DE : DF, 

AB : AC :: AG : AH. 

Alternately (IV. 7), AB : AG :: AC : AH. 
By division (IV. 10), BG : AG :: CH : AH. 
.'. (V. 2), BC \3 parallel to GH. 

Therefore the angles of the triangle A GH are equal (I. 27) 
to the angles of the triangle ABC. Hence ABC, DEF are 
equiangular, and therefore (V. 4) similar. 
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Proposition 7. 

Theorem* — Triangles which have their sides parallel, each 
to each, or perpendicular , each to each, are mviuaUy equi- 
angular. 

1. Let the triangles ABC, DEF have their sides parallel, 
each to each— namely, AB to DE, AG to DF, and BC to 
jEjP; they will be mutually equiangular. 

Join AD, and produce it to 6 ; 
then, because OA falls on the 
parallel lines AB, DE, the angles 

ODE, GAB are equal (I. 27). 
For the same reason the angles 

ODF, GAG are equal. There- 
fore (Ax. 3) the angles BAG, 
EDF are equal. In the same 

manner we may prove that the angle B is equal to the angle 
-E; and C to J^. 

2. Let the sides be perpendicular to each other — ^namely, 
AB to DE, AG to DF, and BG to EF. The triangles will 
be equiangular. 

Produce ED, EF to meet AB, BG in O and H; then 
EOBH will form a quadri- 
lateral, of which the four 
angles are together equal to 
four right angles (I. 30, 
Cor. 1) ; but G and H are 
(Hyp.) two right angles, 
therefore OEM, OBH are 
together equal to two right 
angles, and are therefore equal 

(1. 15) to OBH and GBG. Take away from these equals 
tiie common angle OBH, and DEF will be equal to ABG. 

In the same manner we may prove the other angles equal. 

10 
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Propositioii 8. 

Theorem^ — In a right-angled triangle, if a perpendicular be 
drawn from the right angle to the base, the triangles an each 
aide are similar to the whole triangle and to each other. 

Let ABC be a right-angled 
triangle, having the right angle 
BAG; and from A let AD be 
drawn perpendicular to the base, 
BC; the triangles ABD, ADC 
are similar to ABC, and to each 
other. 

Because the angle ADB is equal to the angle BAC, each 
of them being a right angle, and the angle ABD is common 
to the two triangles, ABD, ABC, the remaining angle, BAD, 
is equal (I. 30, Cor. 4) to the remaining angle A CB ; there- 
fore the triangle ABC is equiangular to the triangle ABD, 
and therefore (V. 4) similar. In like manner it may be 
demonstrated that the triangles ABC, ADC are similar; and 
the triangles ABD, ADC being similar to ABC, are similar 
to each other. 

CoroUary 1. — The perpendicular drawn from the right 
angle of a righJtrangled triangle to the base, is a mean propor- 
Hanoi between the segments of the base. 

For, because ADB, ADC are similar (V. 4), 
BD : DA :: DA : DC. 

CoroUary 2. — Also each of the sides AB or AC is a 
mean prqportionai between the whole base and the adjacent 
segment. 

For in ABC, ABD (V. 4), BC : BA : : BA : BD; 
and in ABC,ADCiYA), BC : CA :: CA : CD. 
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Proposition 9. 

JPtoMem. — From a given straight line to ctd off any part 
required; that is, a part that shall be contained in it a given 
number of times. 

Let AB be a given straight line ; it is required to cut off 
from AB a part that shall be contained in it a given number 
of times. 

From A draw A G, making any angle with 
AB ; in AC take any point 2), and from the 
point D along the line DC lay off AD the 
given number of times, to the point C; join 
BC, and draw DE parallel to it ; then AE 
is the part to be cut off. 

Because ED is parallel to one of the sides 
of the triangle ABC (V. 2), 

CD : DA :: BE : EA. 

By Composition (IV. 9), 

CA I DA '.: BA I EA. 

But CA is a multiple of DA ; therefore BA is the same 
multiple of AE\ and therefore whatever multiple -4 C is of 
AD, AB is of AE\ wherefore from AB the part required is 
cut off 

Propositioii 10. 

PnMeni. — To divide a given straight line similarly to a 
given divided straight line. 

Let AB be the straight line to be divided, and AC the 
given divided straight line ; it is required to divide AB simi- 
larly to -4G 
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Let -4 C be divided in D and ^; and 
let ABy J. C be placed so as to contain 
any angle, and join BC, and through D 
and E draw DF, EG parallel to -BC; and 
through D draw DHK parallel to AB ; 
wherefore each of the figures FH, HB 
is a parallelogram; wherefore HD is 
equal to OF, and HK to G^. 

Because HE is parallel to KC^ one of 
the sides of the triangle DKC, 

(V. 2), CE: ED :: KH: HD. 

But KH^BO, and DH^FO; 

CE, ED :: BO: OF. 

Again, because DF is parallel to OE, 
(V. 2), ED: DA:: OF: FA. 

Therefore AB is divided similarly to -4G 




Propositioii 11. 
I^robiem. — To find a third proportional to two given straight 



Let AB, AC he two given straight 
lines ; it is required to find a third pro- 
portional to AB, A C. 

Place AB, AC so as to contain any 
angle at A, and join BC; produce AB 
to D, making BD equal to AC, and draw 
DE parallel to BC, meeting AC pro- 
duced in E. 

Because BC la parallel to DE, 

(V. 2), AB : BD :: AC : CE. But BD = AC; 
AB : AC :: AC : CE. 

Wherefore to AB and AC a third proportional, CE, has 
been found. 
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DH : HF, 



Proposition 12. 

Tiroblem. — To find a fourth proportional to three given 
straight lines. 

Let A, B, C be three 
given straight lines; it is 
required to find a fourth 
proportional to A, B, C, 

Take two straight lines 
DEy DF containing any 
angle EDF; and upon 
these make DG = A, GE 
= jB, and DH=C; join 
OHf and draw JSLP parallel 
to it. 

Then (V. 2), DO : GE 
or, putting in the equals, 

A I B :: C : HF. 

Wherefore to three lines A,B,C^ fourth proportional, HF, 
is found. 

Proposition 13. 

I^roblem. — To find a mean proportional between two given 
straight lines. 

Let AB, BC he two given straight lines ; it is required to 
find a mean proportional between 
them. 

Place ABy BC in a. straight line ; 
describe upon- A C the semicircle . 
ADC, and fi-om B draw BD at 
right angles to AC, and 
AD, DC 

Because ADC is an angle in a semicircle, it is a right angle 
(III. 21). Hence Z)5 drawn from a right angle perpendicular 
to the base is a mean proportional (V. 8, Cor. 1) between AB 
and BC. 

10 • H 



join 
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Fropositioii U. 

Theorem,. — If four straight li/nea be propartional, the ted* 
angle of the extremes is etpml to the rectangle of the means ; and 
if the rectangle contained by the extremes be equal to the rectangle 
contained by the meanSy the four straight lines are proportioned. 



\ Let A, B,C,Dhe four straight lines, so that A ; 
then the rectangle contained 
by A and D is equal to the 
rectangle contained by B 
and a 

Make EF equal to A, and 
produce it, making FO equal 
to B; through F draw HK 
at right angles to EOy mak- 
ing FH equal to C, and FK 
equal to D, and complete the 
parallelograms EK, KG, OH. 



B::C:D; 



A — 
C- 

K 
F 



Now (V. 1), EK 

also (V. 1), HO 

But (Hyp.) EF 

Hence (IV. 15), EK 

.•.(IV. 14), 



KO 
KO 
FO 
KO 



EF : F0\ 
HF : FK. 
HF : FK. 
HO: KO; 



EK^HO. 



But EKis the rectangle contained by EF, FK, or by A and 
D, and HO is the rectangle contained by B and C. There- 
fore, the rectangle contained by A and D is equal to the rect- 
angle contained by B and C. 



Conversely, let-EK'be equal to HO; then A 
For, because EK=HO (IV. 14), 

EK: KO :: HO : KO. 
But (V. 1) EK : KO :: EF : FO, 

and HO: KO :: HF : FK; 

.'. (IV. 15), EF : FO : : HF : FK, 
or A : B :: C : D. 



C: R 
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Proposition 15. 
Uieorem. — Parallelograms which are mutually equiangular 
are proportional to the products of their adjacent sides.* 

Let AB, AC he two parallel- 
ograms, which have their angles 
respectively equal; then 

AC:AB::AFxAH:ADxAO, 

Place them so as to have a com- 
mon angle -4, and produce D-B to -E. ^ 
Then is AE a parallelogram. 

Hence (V.l,Cor.l), AC : AE :: AF : AD. 

Also (V. 1, Cor. 1), AE: AB :: AH: AO. 

Hence (IV. 13, Cor.), multiplying together the number of 

linear units in the last two ratios, 

AC : AB :: AFxAJS : ADxAG. 

CktroUary. — Two triangles which have one angle of ea/ch 
equal, are proportioncU to the products of the sides about the 
equal angles. 

For, jom FH, DO ; then AFH and ADO, being halves of 
A C and ABy have to each other the same ratio. 
Hence AFH : ADO : : AFxAH : ADxAO. 



Proposition 16. 

Theorem. — The area of a rectangle is equal to the produd 
of its adjacent sides. 

Let ^O be a rectangle ; its area is equal to the product of 
AB and BC. 

* By " the product of their adjacent sides," is meant the product of the 
number of units of the same kind in those sides. 
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Construct another rectangle DF; 

then (V, 15), AC : DF :: ABxBC : DExEF. 

Now suppose i>J5^ and ^i^ c 

to be each equal to the linear 
unit of measure ; then DF 
will be the square, which is 
the unit of measure of sur- 
faces. Hence the above 
proportion becomes 

AC : 1 : 



B D 



or 



ABxBC 
AC-ABxBC 



1, 



Scholiutn. — ^If AB and 5C be com- 
mensurable, then divide them into equal 
portions, each of which is a linear unit, 
and draw lines parallel to the sides ; then 
it is evident that the number of square 
units in the surface is the product of the 
number of linear units in the two sides. 

Corollary 1. — The area of any parallelogram is equal to the 
product of its hose and altitude. 

For it is equal to a rectangle of the same base and altitude 
(I. 33). 

Corollary 2. — The area of a triangle is equal to one hcdf the 
product of its base and altitude. 

For a triangle is one half a rectangle of the same base and 
altitude (I. 35, Cor.). 

Proposition 17. 

Theorem, — The area of a trapezoid is equal to the sum of the 
parallel sides, multiplied by one half the perpendicular distance 
between them. 

Let -4 (7 be a trapezoid ; its area is equal to the sum of AB 
and DC, multiplied by one half of AE. * 
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Join DB; then the area of the triangle ADB is equal 
(V. 16, Cor. 2) to one half the product 
of AB and AE; also the triangle DBC 
is equal to one half the product of DC 
and AE. Hence the area of the whole 
trapezoid is equal to the sum of AB and 
DC multiplied by one half AE. 

ScholiMfn 1. — ^The area of any ir- 
regular polygon may be found by di- 
viding it into triangles, and measuring 
their bases and altitudes ; or by mea- 
suring a long diagonal and the perpen- 
dicular distances firom the other angles, 
and finding the area of the triangles 
and trapezoids formed. 

SchoUum 2. — ^Having now shown that the rectangle con- 
tained by two sides is equal to the product of the linear units 
of the same kind in those sides, we can use the product of two 
lines instead of the rectangle contained by those lines, and 
vice verad. Hence the (IV. 12) will now be. If four straight 
lines be proportional, and also four others, the rectangles of the 
corresponding terms are proportional. The truth of the (V. 14) 
might also have been established in a similar manner from the 
(IV. 1). The other proof is given to show that the algebraic 
and the geometrical methods lead to the same result ; one by 
the use of abstract numbers or their equivalents, the other by 
considerations of magnitudes without regard to the unit which 
measures them. It may also be observed that A C" hereafter 
may properly mean either the square described on A C, or the 
second power of the number of units in A C. It has heretofore 
meant only the former. Hence from (IV. 12, Cor. 2) we ob- 
tain. If four straight lines be proportional, the squares described 
on ihein will be proportional. 
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Proposition 18. 

PnMem. — Upon a given straight line to describe a polygon 
similar to a given polygon. 

Let AB be a given straight line, and CDEF a given poly- 
gon ; it is required to describe on AB a polygon similar to 
CDEF. 

Join DF\ and at the ^ 

points A and B in the 
straight line AB make 
(1.13) the angle BAG 
equal to the angle C, and 
the angle ABO equal to 
the angle CDF] there- 
fore the remaining angle 
A OB is equal to the re- 
maining angle CFD (I. 30, Cor. 4) ; wherefore the triangle 
FCD is equiangular to the triangle OAB. Again, at the 
points 6, B in the straight line GB make (L 6) the angles 
HOB, HBO equal to the angles EFD, EDF, each to each; 
then will the angle H be equal to the angle E, and the tri- 
angle GBH be equiangular to the triangle FDE. And be- 
cause the angle A OB is equal to the angle CFD, and the angle 
BOH to the angle EFD, therefore the whole angle A OH is 
equal to the whole angle CFE. For the same reason the 
angle ABH is equal to the angle CDE. Therefore, the poly- 
gon ABHO is equiangular to the polygon CDEF. 

The sides about the equal angles will be proportional ; for 
because the triangles OAB, FCD are similar, / 

(V.4), BA : AO :: DC : CF; 

also AO : OB :: CF : FD; 

also in the triangles OBH, FDE, 

OB : OH:: DF : FE; 

.'. (IV. 13), AG : GH:: CF : FE. 
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In the same manner it may be proved 

AB : BS:: CD : DE; 
also (V. 4), OH : HB :: FE : ED. 

Wherefore the polygons are equiangular, and have the 
sides about the equal anglea proportional ; t^ey are therefore 
dmilar. I 

In the same manner if the polygon contained five or more 
sides we could apply other triangles to the lines of the polygon 
ABHO^ and prove the resulting polygons similar. 

Proposition 19. 

Theore/m. — Similar triangles are to one another as the squares 
of their homologous sides. 

Let ABC, DEF be similar triangles, having the angle B 
equal to the angle E, and let 
AB : BC :: DE : EF, so 
that BC and EF are homol- 
ogous sides; then 
ABd : DEF : : BC^ : EF\ 

Bjecause ABC, DEF have 
th€^ angles at B and E equal ^ 
to each other, we have (V. 15, Cor.) 

ABC : DEF : : ABxBC : DExEF; 
also (Hyp.), AB : BC :: DE : EF. 

Multiplying this, term by term, by the identical proportion 
BC : BC :: EF : EF, 
we have (V. 17,Sch. 2) ABxBC : BC^ : : DExEF : EF^; 
alternately, ABxBC : DExEF :: BC^ : EF\ 

But we have proved above^ 

ABxBC '. DExEFi: ABC: DEF. 
Hence (IV. 15), ABC : DEF : : BC : EF\ 
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Proposition 20. 

Theorem. — Similar polygons may be divided into the same 
number of similar triangles, having the same ratio to one another 
that the polygons have ; and the polygons are to each other as the 
squares of their homologous sides. 

Let ABODE, FQHKL be simUar polygons, and let AB be 
homologous to FO ; they may be divided into the same num- 
ber of similar triangles, whereof each has to each, the same 
ratio that the polygons have ; 

aud ABODE : FOHKL :: Aff : FGP. 

Join BE, EO, OL, LH; and because ABODE is similar 
to FOHKL, the angle BAE is equal to the angle OFL, 

and (V., Def. 1) BA : AE :: OF : FL. 

Wherefore (V. 6), the tri- 
angles ABE, FOL are sim- 
ilar, and the angle ABE is 
equal to the angle FOL', 
and because the polygons 
are similar, the whole angle 
ABC is equal to the whole 
angle FOH; therefore the 
remaining EBO is equal to 
the remaining angle LOH. Now, because ABE, FOL are 
similar (V. 4), EB : BA :: LO : OF. 

And also because the polygons are similar, 

AB : BC :: FO : OR; 
.'. (IV. 13), EB : BC:: LO : OH; 

that is, the sides about the equal angles EBC, LOH are pro- 
portional ; therefore the trismgle EBC is similar (V. 6) to the 
triangle L OH. For the same reason the triangles ECD, LHK 
are similar. Therefore the polygons are divided into the same 
number of similar triangles. 
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These triangles have to each other the same ratio the poly- 
gons have. 

Because ABE, FGL are similar, 

(V. 19), ABE : FOL ::BE* :LG^; 

also (V. 19), EBC : LOH ::BE' : LGP; 

.\(IV.15), ABE: FGL :: EBC: LOH. 
Similarly, EBC :LQH:: EDO : LKH; 

.-.also, A£E iFOL :: EBO : LOH:: EDC: LKR; 

.-. (IV. 16), ABE : FOL : : ABODE : FOHKL. 

Also the polygons are to each other as the squares of AB 
andJ^G. 

For ABE : FOL : : ABODE : FOHKL, 

and (V. 19) ABE : FOL ::AB' :F0^; 

.-. (IV. 15), ABODE : FOHKL ::AB^ : FO^. 

Propfosition 31. 
Thearefm. — If four straight lines he proportional^ ike similar 
figures f dmiUirly described on each pair, will be proportUmaL 

Let AB, CD, EF and 
OH be four straight lines, so 
that ^5: CD::EF: OH; 
on AB and CD describe the 
similar figures KAB and 
LCD, and on EF and OH 
the similar figures MF and 
NH; then 

KAB :LCD::MF:NH 

Because AB : CD :: EF : OH, 

then (IV. 12, Cor. 2), (V. 17, Sch. 2), AB" : CD" :: EF' : OH'. 
But (V. 19) KAB : LCD ::AE': CD\ 
and (V. 20) 'MF : NH ::EF' : OH'; 

.-. (IV. 15), KAB : LCD ::MF :NH. 
11 
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Proposition 22. 
jPro&leiH* — To find a mean praporUanal between two aimilar 



Let ABC^ DEF be two similar triangles; it is required 
to find a mean proportional 
between them. 

Place the triangle DEF 
on the triangle ABC,^o that 
the angle D shall coincide 
with A ; then because the 
triangles are similar, the 
side OH will be parallel 
to BC. Join GC. 

Now (V. 1, Cor. 2), AOH : AGO :: AH : AO. 

Similarly (V. 1, Cor. 2), AGO : ABO :: AG : AB. 

Also (V. 2, Cor.), AH : AO :: AG : AB. 

Hence (IV. 15), AGH : AGO :: AGO : ABO. 

Therefore a mean proportional, AGO, has been found be- 
tween the two similar triangles ABO, DEF. 




Proposition 23. 

jPro&lem. — To cut a given straight line in extreme and mean 
ratio. 

Let AB be a given straight line ; it is required to cut it in 
extreme and mean ratio. 

Divide (11. 11) AB in (7, so that the 
rectangle AB.BO be equal to the square i 

of ^a 

Then because AB.BO^A 0\ 
(V.14), AB : AO:: AO: BO, 

and AB la divided in O in extreme and mean ratio (V. De£ 2). 



c 

I 
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Proposition 24. 

Theorem.— The figure described on the hypotenuse of a 
right-angled triangle is equal to the similar fi^gwreSy similarly 
described on the other sides. 

Let ABC h^ a triangle 
right angled at A, and let a, 
b and e represent the similar 
figures on BC, AB and AC 
respectively; then 

Because e and b are similar 
(V. 20), e:b :: AC^ : AB". 

By composition (IV. 9), 

c^b : c:: AC'+Aff : AC. 




But (I. 42) 


AC^+Aff^BCP; 


• • 


e+b : e :: BC : AC\ 


But (V- 20) 


a : ei: BC : AC; 


hence (FV. 15), 


e+b : e :: a : c; 


.•.(IV. 14), 


a-e+b. 




Proposition 26. 



OTheorem. — In equal circles, or the same circle, angles, 
whether at the centres or circumferences, have the sams ratios 
which the arcs, on which they stand, have to one another; so 
also have their sectors. 

Let ABC, DEF be equal circles ; and at their centres the 
angles BGC, ERF; and the angles BAC, EDF at their cir- 
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cumferences ; then, as the arc J? (7 is to the arc EF, so is the 
angle BOCto the angle 
EHFy and the angle 
^^ to the angle EDF, 
, and also the sector BOC 
to the sector EHF. 

1. Let them be com- 
mensurable. Divide the 
arc B C into any number, 
as 7, equal parts, and let EF contain 4 of these parts. 
Through the points of division draw straight lines to the 
centre. Then the angles BOC, EHF will be divided into 
equal parts (III. 19), of which BOC will contain 7, and 
EHF, 4. 

angle BOC : angle EHF 

But arc BC : arc EF 

. • . (IV. 15), angle BOC : angle EHF : : arc BC : arc EF 

2. They are incommensurable. 

Apply the smaller angle, BOD, to the 
larger, BOC^so that one of the sides of 
each shall be in the same line, BO; then, 
because the circles are equal, the arcs BD, 
BC will be in one arc; and if it be not 
true that angle -BGC : angle -BGD : : arc 
BC : arc BD, suppose that 

angle BOC : angle BOD : : arc BC : arc BF. 

Lay off the unit of measure, which we take less than DF, 
from B ; at least one point of division, as E, will fall between 
D and F; join EO. 

Then, according to Case I., 

Angle BOE : angle BGC : : arc BE : arc BC; 
But angle BOC : angle BOD : : arc BC : arc BF; 
. • . (IV. 13), angle BOE : angle BOD : : arc BE : arc BF. 




DE'' 
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But the arc BE is lees than the arc BF, therefore the 
angle BOE is less than the angle BOD, which is impossible. 

Therefore, no other arc but BD can be a fourth proportional 
to the angles BGC, BOD, and the arc BC. 

Also because the angles (see first figures) BOC, EHF at 
the centres, are double (III. 16) the angles BA C, EDF, at the 
circumferences, therefore the angles BA (7, EDF, are also pro- 
portional to the arcs BC, EF, on which they stand. So also 
with the sectors; for the lines drawn from the points of 
division will divide the sectors into equal portions, as may be 
proved by applying one to another. Therefore, by a similar 
demonstration the sectors may be proved proportional to the 
arcs on which they stand. 

Scholiuni* — An angle at the centre is said to be measured 
by the arc which subtends it. The angles at the centre being 
together equal to four right angles, a right angle is measured 
by a quadrant. The unit used is, however, the ninetieth part 
of a right angle for angles, and the ninetieth part of a quad- 
rant for arcs. This unit in both cases is called a degree ; its 
subdivisions are minutes and seconds. Hence an angle at the 
circumference contains half as many degrees as the arc on 
which it stands, and is said to be measured by the half-arc 

From this we may easily prove the following theorems : 

1. The angle in a aemidrcle contains 90°. 

2. Angles in the^ same segment are ^qual, 

3. The opposite angles of an inscribed quadrilateral are to- 
getiier 180°. 

4 The chord of 60° is equal to radius. 

Proposition 26. 
Theorem. — If in a circle two chords cut each other,' the rect- 
angle contained by the segments of one is equal to the rectangle 
contained by the segments of the other. 
11* 
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Let the two chords AB, CD of the 
circle ADB cut each other m E; 
then AE.EB^CE. ED. 

Join A C, DB ; and becaose in the 
triangles AEC, DEB the angles 
AECf DEB are equal to each other 
(1. 17), also the angles CAE, EDB, 
because they are in the same seg- 
ment of the circle, therefore the other angles at C and B are 
equal (I. 30, Cor. 4), and the triangles are equiangular. 




Hence (V. 4), 
.-. (V.14), 



AE : EC:: DE : EB; 
AE.EB^CE.ED. 



Proposition 27. 

Theorem. — If from a point without a circle, two straight 
lines be drawn, one of which cuts the circle and the other touches 
it, the rectangle contained by the whole line and the part wiih- 
out the circle, will be equal to the square of the line Umching the 
circle. 

Prom the point A draw ABC, cutting 
the circle CBD, and AD touching it; 

then CA.AB^AD". 

Join DB, DC. 

Because AD touches the circle, and 
DB is drawn from the point of contact, • 
the angle ADB is equal to the angle in 
the alternate segment DCB; also the 
angle A is common to the two triangles 
ADB, ADC; hence they are equi- 
angular, and (V. 4), 

AC: AD :: AD : AB; 

.'. (V.14), AC.AB^AD". 
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CkMToUary 1. — If from a point without a drek, two secants 
be drawn to the opposite drcumferencey the rectangles of (he 
whole lines and the parts without the circle^ will he equal. 

Draw AEF] then AC.AB^AF.AE, for each is equal to 
the square of AD. 

ComUary 2. — Two tangents dravm from the same point are 

equal. 

* 
CorcUary 3. — If AB . A 0= AE . AF, then the four points 

Bj E, Fy C are on' the circumference of the same circle. 

For, if not, let jB, -B, -F, and H be on the same circle. 
Let the student prove an impossibility. 



Proposition 2S. 

2%eorewt. — If an angle of a triangle be bisected by a 
straight line which also cuts the ba^y the rectangle contained 
by the sides of the trianglCy is equal to the rectangle contained 
by the segments of the basCy together with the square of the line 
bisecting the angle. 

Let ABG be a triangle, and let the 
imgle BA C be bisected by the straight 
line AD ; then 

BA.AC^-BD.DC+AD". 

Describe (IIL 29) the circle ABG 
about the triangle ABC, and produce 
AD to the circumference in Ey and 
join EC. 

Then, because the angle BAD is equal to the angle 
EACy and the angle ABD to the angle AECy they being 
in the same segment, the triangles ABDy AEC are equi- 
angular. 
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.•.(V.4), 
.•.(V.14), 
But (11. 3) 
and (V. 26) 
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BA : AD :: EA : AC; 
BA.AG=AD.AE. 
AD.AE^AD.DE^AD\ 
AD.DE-'BD.DC; 
BA.AC=BD.DC+Aiy. 



Proposition 29. 

17i>earefn» — if from any angle of a triangle a perpendicfular 
he dravm to the base, the rectangle contained by the sides of the 
triangle, is equal to the rectangle contained by the perpendicular 
and the diameter of the circle described ahoui the triangle. 

Let ABC be a triangle, and AD 
the perpendicular ; then 

BA .AC == the rectangle DA and a 
diameter of the circumscribed circle. 

Describe the circle ABC about the 
triangle ABC; draw the diameter 
AE, and join EC. 

Because the right angle BDA is equal to the* angle ECA 
in a semicircle, and the angle ABD to the angle AEC in 
the same segment, the triangles ABD, AEC are equiangular. 

.-. (V.4), BA : AD :: EA : AC; 
r. (V. 14), BA.AC-'AD.AE 




Propositioii 30. 

Theorem. — The rectangle contained by the diagonals of a 
quadrilateral inscribed in a circle, is equal to both the red' 
angles contained by its opposite sides. 
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Let ABCD be any quadrilateral inscribed in a circle, and 
let ACy DB be drawn ; then 

AC.BD^AB. CD+AD.BC. 

Make the angle ABE equal to the 
angle DBC; add to each of these the 
angle EBD ; then the angle ABD is 
equal to the angle -EBC; and the an- 
gle BDA is equal to BCE in the same 
segment ; therefore the triangle ABD 
is equiangular to the triangle BEC. 

.-. (V.4), BC: CE :: BD : DA; 
.-. (V.14), BC.DA^BD.EC. 

Again, because the angle ABE is equal to the angle DBC^ 
and the angle BAE to the angle BDC in the same segment, 
the triangle ABE is equiangular to the triangle DBC. 

.'. (V.4), BA : AE.:: BD :DC; . 

.•.(V.14), BA.DC^BD.AE. 

But we have shown BC.DA^BD. EC; 

BA.DC^BC.DA^^BD.AE+BD.EC. 

But (11. 1) BD.AE^BD.EC^BD.AC; 
BA.DC+BC.DA^BD.AC. 
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EXERCISES. 

1. To draw a line from the vertex of a triangle bisecting 
the triangle (V. 1, Cor. 2). 

2. Two squares are to each other as the squares of their 
diagonals. 

3. If a line be drawn parallel to the base of a triangle, all 
lines from the vertex to the base will be cut proportionally ; 
and the segments of the base and of the parallel will be pro- 
portional to each other. 

4. The perimeters of similar polygons are proportional to 
their homologous sides (IV. 16). 

5. A line drawn parallel to the parallel sides of a trapezoid 
will cut the other sides proportionally. 

6. If two triangles be on equal bases which are in the same 
straight line, and between the same parallels, any straight line 
parallel to their bases will cut off equal triangles and trapezoids. 

7. Let Ay B and C be three points in a straight line ; and 
through C let any straight lines pass; the perpendiculars 
on these lines from A and B bear a constant ratio to each 
other. 

8. If one of the parallel sides of a trapezoid be double the 
other, its diagonals trisect each other. 

9. Trisect a given line by use of (V. 3). 

10. In the figure in (II. 11) show that four other lines 
besides the given one are divided in extreme and mean 
ratio. 

11. The area of an equilateral triangle whose side is 1 
. V3 
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12. If the arc AB be bisected in C, and 
D be any point of the circumference, 
then AD+DB : DCiiAB : AC(y. 30). 

^13. A circle is described about an equi- 
lateral triangle ; from any point of the cir- 
cumference straight lines are drawn to the 
angles of the triangle; then one of these lines is equal to 
the sum of the other two. 

14. On a given line to construct a rectangle which shall be 
equal to a given rectangle (V. 14). 

15. If from a point without the circle two lines be drawn, 
one cutting the circle and the other meeting, and the rectangle 
contained by the whole cutting-line and the part without the 
circle be equal to the square of the line meeting it, the latter 
line touches the circle (V. 27). 

16. The parallelograms EH and GF of (I. 40) are simi- 
lar to the whole parallelogram BD. 

17. The base of a triangle is 6 ; f of the triangle are cut 
off toward the base by a line parallel to it ; what is the length 
of the cutting-line (V. 19) ? 

18. The area of a triangle is equal to its perimeter mul- 
tiplied by one half the radius of Uie inscribed circle. 

For other practical problems in this book see Mensuration 
at the end of Book VI. 



BOOK VI. 

REGULAR POLYGONS -MEASUREMENT OF THE 
CIRCLE. 



DEFIJflTIOJfS. 

1. A regular polygon is one which is equilateral and 
equiangular. 

2. A polygon of five sides is called a pentagon ; of six 
sides, a hexagon ; of eight sides, an octagon ; of ten sides, 
a decagon ; of fifteen sides, a pentedecagon, etc., etc. 

3. The apothem is the line drawn from the centre of a 
regular polygon at right angles to one of its sides. 



Proposition L 

Problevn. — To inscribe a square in a given drele. 

Let ABCD be the given circle ; it is required to inscribe a 
square in ABCD, 

Draw the diameters A C, BD at right angles to each other, 
and join ABy BCy CD, DA ; because 
in the triangles BEA, DBA, BE, EA 
and the angle BEA are equal to 
DEy EA and the angle DEA, each 
to each ; therefore (I. 4) BA is equal 
to AD ; and, for the same reason, BG, 
CD are each of them equal to BA or 
AD ; therefore the quadrilateral figure 

132 
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ABCD is equilateral. It is also rectangular, for the straight 
line BD being a diameter of the circle ABCD, BAD is a semi- 
circle ; wherefore the angle BAD is a right angle (III. 21) ; 
for the same reason each of the angles ABC, BCD, CD A is 
a right angle ; therefore the quadrilateral figure ABCD is rect- 
angular ; therefore it is a square, and it is inscribed in the 
drcle ABCD. 

Scholium. — Since the triangle AED is right-angled and 
isosceles, we have (I. 42," Cor. 2) 

AD '. AE :. V2 I 1, or AD^-AEV^. 



Proposition 2. 
Problem. — To describe a square ahovt a given circle. 

Let ABCD be the given circle ; it is required to describe a 
square about it. 

Draw two diameters, A C, BD, of the circle at right angles 
to each other, and through the points 
A, B, C, D draw (III. 15) FQ, OH, ^ 
JSK, KF, touching the circle. Hence 
the angles at A, B, C, D are right 
angles (III. 14, Cor. 2) ; and because 
the angle A EB is a right angle, as like- 
wise is EBO, GH is parallel (I. 26) 
to ^C; for the same reason -4C is 
parallel to FK, and, in like manner, ^ ^ ^ 

OF, HK may be shovm to be parallel to BED ; therefore the 
figures OK, GC, AK, FB, BK are parallelograms, and OF 
is therefore equal (I. 32) to HK, and GH to FK; and because 
AC IS equal to BD, and also to each of the two GH, FK, and 
BD to each of the two OF, HK, therefore GH, FK are each of 
them equal to OF or HK; therefore the quadrilateral figure 
FOHK is equilateral. It is also rectangular ; for OBEA 
being a parallelogram, and AEB a right angle, A OB (I. 32) 

12 
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is likewise a right angle ; in the same manner, it may be shown 
that the angles at H, K, F are right angles ; therefore the 
quadrilateral figure FOHK is rectangular, and therefore a 
square. 

Proposition 3. 
JProblem. — To inscribe a circle in a given regular polygon. 

Let ABCD be a regular polygon ; it is required to inscribe 
a circle in it. 

Bisect any two adjacent angles, A and JB, of the polygon 
by the lines AE and BEy cutting each 
other in E, From E draw EF, EO 
at right angles to AB, BC; join EG. 
Then, because in the two triangles 
FBE, GBE, EB is common, the an- 
gle EBF equal to the angle EBOy 
and the angles at F and G right an- 
gles, therefore EF is equal (I. 24) to 
EG, Also in the triangles EBAy 
EBCy EBy BA and the included angle EBAy are equal to EB, 
-BCand the included angle EBC; therefore the angle EAB is 
equal (I. -i) to ECB. But EAB is one half an angle of the 
polygon, therefore ECB is also. In the same way a line from 
E to any angle of the polygon will bisect that angle. There- 
fore, in the same way that EF, EG were proved equal, all lines 
drawn from E perpendicular to the sides of the polygon are 
equal to one another, and a circle described with the centre E 
and radius equal to one of them, will pass through the ex- 
tremities of the others, and the lines of the polygon will touch 
this circle (III. 14, Cor. 2). Hence the circle will be inscribed 
in the polygon (III. Def. 12). 

Corollary. — From this it is manifest that the apothem is the 
same, no matter what side it is drawn to, and bisects the angle 
made by lines from the centre to tlie angles of the polygon. 
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Proposition 4. 
Firoblefn. — To describe a circle about a given regular polygon. 

Let ABC be a regular polygon ; it is required to describe a 
circle about it. 

Bisect two adjacent angles, A and J5, by the lines EA^ BE 
meeting in E\ join ED\ because 
the equal angles at A and B are 
bisected, therefore EAB is equal to 
EBA, and (I. 23) EA to EB. Also, 
because in the two triangles EBA, 
EBD the two sides EB, BA and in- 
cluded angle EBA are equal to EB^ 
BD and included angle EBDy the 
side EA is equal (I. 4) to the side 
ED. In the same manner all lines 
drawn from E to the angles of the polygon are equal, and a 
circle from the centre E, at the distance of any one of them, 
will pass through the extremities of the others, and will be de- 
scribed about the polygon. 

CkyroUary 1. — From this and the last proposition it is evident 
that. The centres of the circles inscribed in a reguUir polygon and 
described about it, are in the same point. 

Corollary 2. — ^Also, that if the radii EA, EB, etc. be pro- 
duced, they will also bisect the angles of a circumscribed poly- 
gon of the same number of sides, which will touch the circle 
at Fy O, etc., the extremities of radii bisecting the angles at 
the centre. The sides of the two polygons being parallel, the 
angles will be equal and the polygons similar. Hence, To draw 
a drcmnscribed polygon similar to a given inscribed polygon, 
bisect the angles at the centre, and from the extremities of the 
radii draw lines touching the circle. 
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Propositioii 5. 

Troblem. — To describe an isosceles triangle having each of 
the angles at the base double the third angle. 

Draw any circle BDEy and in it any radius AB; divide 
(V. 23) AB in C in extreme and mean ratio ; lay down BD 
equal to AG, and join AD and CD; 
ABD will be the triangle required. b 

Because AB is divided in C in 
extreme and mean ratio, and BD is 
equal to AC, therefore, 

AB : BD :: BD : BC; I ^ 




hence the two triangles ABD, DBC, 

having a common angle B, have the 

sides about that angle proportional ; 

they are therefore similar (V. 6) ; 

hence the angle DCB is equal to the 

angle ADB, or ABD, and (I. 23) CD is equal to BD or AC. 

Because CD is equal to CA, the angle CDA is equal to the 

angle CAD; but BCD ia equal (I. 30) to CAD and CDA ; 

therefore BCD is double CAD; but BCD is equal to ABD 

or ADB ; hence each of the angles ABD, ADB is double 

BAD. 



Proposition 6. 
JPf'obiem. — To inscribe a regular decagon 

Let ABC be a given circle; it 
is required to describe a regular 
decagon in it. 

Construct (VI. 5) the isosceles tri- 
angle DAB on the radius DA, 
having each of the angles at the 
base double of the third angle. 
Because each of the angles DAB, 
DBA is double ADB, the two 



tn a 



circle. 
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together are four times the angle ADB, and the three angles 
DAB, DBA, ADB are five times the angle ADB, Therefore 
the angle ADB is the fifth part of two right angles ; that is, 
the tenth part of four right angles. Therefore, ten such angles 
as ADB can be exactly placed about the point D (I. 17, 
Cor. 2). But equal angles stand on equal arcs, and equal 
arcs are subtended by equal straight lines ; therefore AB is 
one side of an equilateral decagon inscribed in the circle. 
And because all triangles ADB, BDE are isosceles and have 
equal angles at D, their other angles are equal. But these 
angles make up the angles of the decagon; therefore the 
decagon is also equiangular; therefore it is regular. 

CaroUary. — To inscribe a regular pentagon in a given circle. 

Join the alternate angles of the decagon, and we have a 
regular pentagon. For all such triangles as ABE, EFC have 
their two sides and included angle at B and F equal in each ; 
hence their third sides are equal, and their angles are equal. 
But the two angles AEB, CEF, taken from the angle of the 
decagon, will leave the angles of the pentagon. Therefore the 
pentagon is equilateral and equiangular. 



Proposition 7. 

Tirobtem. — To inscribe a regular hexagon in a given circle. 

Let ABCD be a circle; it is 
required to describe a regular 
hexagon in it. 

Draw any radius ED, From 
the centre D and radius DE de- 
scribe a circle cutting the given 
circle in A and C. 

Join AE, CE, and produce them, 
and also DE, to meet the circum- 
ference in Q, F and B ; join the 

12* 
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extremities of these lines; the figure formed is a regular 
hexagon. 

Because DA ^ DE ^ AE, the 
triangle AED is equiangular (1. 23, 
Cor.). Therefore (I. 30), the angle 
AED is one third of two right 
angles. For the same reason DEC 
is one third of two right angles. 
Therefore the whole angle AEC is 
two thirds of two right angles, and 
the angle CEO is (1. 15) one third 
of two right angles. Hence the 
vertical angles AEF, FEB, BEO are also each equal (1. 17) 
to one third of two right angles. But equal angles stand on 
equal arcs, and equal arcs are subtended by equal straight 
lines; hence, DA, AF, FB, BO, OC, CD are all equal, and 
the hexagon is equilateral. It is also equiatigular, for the arc 
DA is equal to the arc FB ; add to both the semicircle BCD, 
and the whole arc BCA is equal to the whole arc FOD, But 
equal angles stand on equal arcs ; hence the angle AFB is 
equal to the angle DAF. In the same manner all the other 
angles may be proved equal, and the hexagon is equiangular. 
It is therefore regular. 

CorcUary. — A side of a regular hexagon ia equal to the 
radius of the circumscribed circle. 

Hence, to construct a hexagon, describe a circle, and lay 
down the radius six times around it. 



Froposition 8. 

Prcblem. — To inscribe a regular pentedecagon in a given 
circle. 

Let ABhQ one side of an 
equilateral triangle inscribed 

in a circle (III. 26), and A C >,_ — ^^ 

one side of a regular penta- 
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gon (VI. 6, Cor.). If the whole circumference were to be 
divided into 15 equal parts, AB would subtend 5, and AC, 3. 
Therefore BC must contain 2 ; bisect (III. 23) BC in 2>, and 
lay off BD around the circle; we would have a regular 
pentedecagon. 

Scholium. — If we bisect (III. 23) the arcs of a circle 
which are subtended by the sides of a square, we may form a 
regular polygon of 8 sides ; from this, one of 16, and so on. 
Similarly from a decagon, we can construct polygons of 20, 
40, etc., sides ; from a hexagon, polygons of 12, 24, etc. ;- from 
a pentedecagon, figures of 30, 60, etc. 

Proposition 9. 

Thefyrem. — The area of a regular polygon w equal to on&' 
half the product of Us perimeter and apothem. 

JjetABO be a polygon and DE 
its apothem ; then the area ofAB C 
is equal to 

iiAB-^BF+FC+ CG^ GH 
^HA)ED. 

Join DAy DBy etc. ; the area of 
the triangle DAB is equal to (V. 
16, Cor. 2) iABxED. But the 
apothem is the same for all sides ; 
hence the area of the whole polygon 

^iABxED+^BFxED+etc. 
or ^(AB+BF-^FC^ CG+ GH^HA)ED. 

Proposition 10. 

Theorem. — About a given circle a polygon may be described, 
which shall differ from a similar inscribed polygon, by a space 
less than any given space. 

Ijet ABC be a circle; similar polygons maybe described 
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about ABCi ^"i^^ inscribed in it, whose difference shall be less 
than any given space. 

Let AB be a side of a regular inscribed and EF of a sim- 
ilar circumscribed polygon (VI. 4, 
Cor. 2) having any number of sides, 
as n. Bisect the arc AB in -ff, 
and join AH, Then will AH be 
a side of a regular inscribed poly- 
gon of 2n sides. Construct (VI. 
4, Cor. 2) the side KL of the sim- 
ilar circumscribed polygon of 2n 
sides. Draw (III. 15) the tan- 
gent AM, and HS parallel to it 
Because the triangles LPH, MPO 
are similar, and (III. 15, Sch.) OP=PH,r. l\LPH'^ AMPO. 
Similarly AKAE = ARMO ; add to both ABPH; then 
KAHL^MAH 

Now the difference between the triangles -NL4JB, NEF is the 
trapezoid ABFE. Hence the difference between the inscribed 
and circumscribed polygons of n sides is 

nxABFE, or 2nxA6HE. 

Also the difference between the inscribed and circumscribed 
polygons of 2n sides is 

2nxKAHL, or 2nxMAK 

Because EAMibsl right angle, EM > AM, Hence (III. 15, 
Sch.) EM>HM. Hence (V. 1, Cor. 2) AEMA>AMAH 
Also, since (I. 32) AMAH ^ AS AH, AAHO>AMAH 
Therefore A GHE is divided into three triangles, EMA, AMH, 
AHOy of which MAH is the least; therefore MAH is less 
than one-third A GHE, 

Hence 2n x MAH < ^ 2» x ^ GHE. 

Therefore the difference between the polygons of 2n sides is 
less than one-third the difference between the polygons of n 
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sides. For An sides the diflferenoe would be less than one-ninth 
the original diiSerence, and so on. By increasing the number 
of sides sufficiently the difference may be made less than any 
given space. 

Corollary. — A circle may be regarded oa a regular polygon 
of an infinite number of sides, and whatever w true of one m 
true of the other. 

For\he circumference of the circle lies between the perim- 
eters of the polygons. Since each time the number of sides 
is doubled, the difference between the polygons becomes less 
than one-third its former amount ; when the number of sides 
becomes infinite the difference becomes infinitely small, and 
the three perimeters may be regarded as coinciding. From 
these considerations we will hereafter speak of the circumfer- 
ence of a circle being the perimeter of a regular polygon of 
an infinite number of sides ; the area of a circle being the 
area of such an inscribed polygon, and the radius of a lAicle 
being its apothegm. 

Proposition 11. 

Uieoreni. — The circumferences of circles are proportional to 
their radii. 

Let ABCy DEF be two circles, and A O, DH their radii ; 
their circumferences are proportional to -4 G, DH. 

In ABC, DEF describe the polygons ABC, DEF of the 
same number of sides, 
and draw AO, BO, 
DH, EH. 

The angles at O and 
H are equal, because 
they are equal portions 
of four right angles; 
the polygons being reg- 
ular, and having the 
same number of sides, the angles of one are equal to the angles 
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of the other ; hence the angles OAB, OBA are equal to the 
angles HDE, HED\ therefore the triangles OAB, HDE are 
similar, 

and (V. 4) alternately, AB : DE :: AG : DH, 

If P represent the perimeter of the polygon ABC, and P' 
of DEF, then P and P' being equimultiples of ^^ and DEy 

(IV. 3) F: P' :: AG : DH. 

And this is true whatever the number of sides ; it is there- 
fore true when that number becomes infinite, in which case the 
perimeters of the polygons become the circumferences of the 
circles (VI. 10, Cor.). Hence the circumferences of circles are 
proportional to their radii. 

CaroUary 1. — Hence ihe circumference bears a constant 
ratio to the diameter. This ratio is universally represented by 
the Greek letter n. 

Corollary 2. — The circumference is equal to the radius mul- 
tiplied by 27r. 

Let C= circumference, D = diameter, and R = radius. Then 
C 
jr'^, C'^TtD; and since I>-2iJ, C=27riJ. 

Proposition 12. 

Theorem* — The area of a circle is equal to one half (he red- 
angle contained by its radius, and a straight line equal to its 
sircumference. 

Ij&tABC be a circle and AD its radius; the area ABG 
is equal to the rectangle contained 
by AD, and a straight line equal to 
one half its circumference. 

Inscribe in^PCthe regular poly- 
gon ABC; join DF, DB, and draw 
the perpendiculars DE, DG. 

The area of the whole polygon is 
equal to one half the rectangle of DE 
and the perimeter of the polygon (VI. 9). 
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Now this being true, whatever the number of sides of the 
polygon, it is true if that number be infinitely increased. But 
in this case the polygon becomes a circle (VI. 10, Cor.), its 
perimeter agrees with the circumference, and its apothem with 
the radius. Hence the area of the circle is equal to one half 
the rectangle of the radius, an(} a straight line equal to the 
circumference, or the product of half the diameter and half 
the circumference. 

Corollary 1. — The area of a drde is equal to the square of 
the radius multiplied by tt. 

Let S = area, C = circumference, D = diameter, and E = radius ; 
then from this Prop., S = iE.a But (VI. 11, Cor. 2) C= 2nB. 
Hence, S^^E, 2r.E = tzE". 

Corollary 2. — Circles are proportional to the squares of their 
radii. 

For, let S, /S" be areas of two circles, and E, R their radii. 
Then (last corollary) S \ S' i : izR itzK^hE^: R\ 



Proposition 13. 
JProblem. — To find the approximate value of n. 

Let ABC be a circle, 
A C the side of a regu- 
lar inscribed polygon, 
DJE of a similar cir- 
cumscribed polygon, 
AB, HK of regular 
inscribed and circum- 
scribed polygons of 
double the number of 




Let P and p represent the perimeters of the given circum- 
scribed and inscribed polygons, and P' and p^ the perimeters 
of the circumscribed and inscribed polygons of double the 
number of sides. 
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Now, because HB^HA (V. 27, Cor. 2), the angles HAB, 
SEA are equal (I 6); also the angles HBA, BAG axe 
equal (I. 27) ; therefore the angle FAO k bisected by AE; 

.-. (V. 3), AG : AF or JDB :: EG : EF. 

But AG ia contained in ^ as many times as DE is con- 
tained in P; 

.-. (IV. 4), p : P:: GE : EF i: (y.2), AH : HF; 

by composition (IV. 9), p-^P : p :: AF : AH; 

hence (IV. 5), p+P : 2p :: AF i 2AH or HK. 

Now, AF is contained in P as many times as HK is con- 
tained in P'. 

.-. (IV. 4), jp+P: 2p :: P: P'. 

Hence, ^' = ^- (1) 

p-\-Jr 

If now we have numerical values for p and P, we may 
obtain the value for P' by formula (1). 

Again, in the similar triangles AEGy HEL (V. 4), 

AG : AE II EL : EH. 

But A G, AE are equal parts of p and p\ and EL, HE 
equal parts of p^ and P' ; 

p : p' :: p' : P'. 

Hence, / = VpF. (2) 

If, then, we have given a numerical value for p, and have, 
by formula (1), found one for P', we may find a value for jp' 
by formula (2). 

Now, we know that the perimeter of a circumscribed square 

in a circle whose diameter is 1, is 4, and the perimeter of an 

. inscribed square in the same circle is 2 V2 ; hence, substituting 

these values for P and p in the formulae just proved, we have 
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= 2?^=-^^ = 3.3137085, 

i>+P 4 + 21/2 



and i>' = ypP^ -- V^tI^ == 3.0614675. 

These are perimeters of the regular circumscribed and 
inscribed octagons; by using them for P and p, we may 
obtain the values of the perimeters of polygons of 16 sides, 
and so on. These numbers approach each other as the number 
of sides increases, until for 8192 sides we have 

P' = 3.1415928, and ;>'» 3.1415926. 

These numbers therefore very nearly represent the length of 
the circumference of the circle when the diameter is 1 ; and 
since, when the diameter is 1, the circumference is r, we have, 
carrying out the decimal correctly to 8 places, 

7r = 3.14159265 +. 

This decimal has been carried out to several hundred places 
without coming to an end, and it may be proved by higher 
mathematics to be incommensurable with 1. The value usu- 
ally employed in calculations is tt = 3.1416. The number ^ 
is a rough approximation. 



EXERCISES. 



1. In a given circle the inscribed square is equal to one half 
the circumscribed square. 

2. In the figure (VI. 2) the diagonals of the square pass 
through the centre of the circle, and bisect the angles at E. 

3. The regular hexagon inscribed in a circle will contain 
double the area of an equilateral triangle inscribed in the 
same circle. 
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4. Show that in (VI. 5) there are two triangles which 
possess the required property ; ako that there is an isosceles 
triangle of which each of the angles at the base is a third 
Dart of the third anerle. 

5. If from any point of the circumference of a circle 
straight lines be drawn to the four angles of an inscribed 
square, the sum of the squares on these lines is double the 
square on the diameter (I. 42) 

6. Describe a circle about a given rectangle. 

7. If in (VI. 5) DC be produced to meet the circle in F, 
then FB is one side of a pentagon. 

. 8. The area of a circle whose radius is 1 is ^. 

9. The area of a sector of a circle is equal to the arc of 
the sector multiplied by half the radius. 

10. The area of a regulan inscribed hexagon is | of that of 
a regular circumscribed hexagon. 

11. A plane surface may be entirely covered by equal regu- 
lar polygons of either three, four or six sides, and by no other 
equal regular polygons. 

12. A plane surface may be entirely covered by a combina- 
tion of squares and regular octagons having equal sides. 

13. In a given equilateral triangle, inscribe three circles 
tangent to each other and to the sides of the triangle. 

14. In a given circle, inscribe three equal circles tangent 
to each other and to the given circle. 

15. If the radii of three circles be a, h and c, the radiuL 
of a circle containing the same area as the three together is 

16. The chord of 60° is equal to the radius. 
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MENSURATION OF PLANE SURFACES. 

The following rules are mostly deduced from preceding 
propositions : 

1. To find the area of a rectangle. 
Multiply two adjacent sides together. (V. 16.) 

2. To find the area of a parallelogram. 

Multiply one dde by the perpendicular didance to the opposite 
side. (V. 16, Cor. 1.) . 

3. To find the area of a triangle. 

I. Multiply the base by one half the altitude, (V. 16, Cor. 2.) 
n. Multiply together the half sum of the three sideSy and the 

excess of the half sum over the three sides respectively , and take 

the sqvAire root of the product,"^ 

*Let AB=c, BQ^a, and ^C=6, 
then (11. 8) aHc2=6«+2a . BD\ 



hence BD = - 



2a 




B 



and ^i,=v?rw=J?3^±?f^=i^^HI^±i!El?. 
\ 4a* 2a 

Hence, ABC=iBC. ^Z)=}l/4aV-(a«+c*-6*)*. The quantity under 
the radical sign may be resolvecJ into two factors, [2ac+a'+c*— 6*] and 
[2ac— (a^ + c^ — 6*)], and these again into 

(a+c+6)(a+c-6) and {6 + a~c)(6+c-a). 
Hence, the last equation becomes 

4-n/^i jr^-^b + c a-\-c — b b-^a—c b-{-c-a'l 

^-^^- V L~2 T- • —2 2— J: 

and putting S"^^^, ABO-- VS(S-b)iS-e)(S-a.) 
Hence the rule. 
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4. To find the area of a trapezoid. 

MvUiply the sum of ihe parallel sides by one half the perpen- 
dicular distance between them. (V. 17.) 

5. To find the area of a trapezium. 

Multiply a diagonal by the half mm of ihe perpendiculars 
from the opposite angles. 

6. To find the area of an irregular polygon. 

I. Divide it into triangles^ and find their areas separately. 

II. Divide into trapezoids and triangles by a long diagonal 
and perpendiculars from the opposite angles, and find their areas 
separately. (V. 17, Sch. 1.) 

7. To find the area of a regular polygon. 

I. Multiply the apothem by one half the perimeter. (VI. 9.) 

II. Multiply the square of a side by the area of a similar poly- 
gon whose side is 1. (V. 20.) 

The areas of regular polygons whose sides are unity may be 
calculated once for all, and tabulated. 

The following table gives some of them to six places : 



Triangle 433013 

Square 1.000000 

Pentagon 1.720477 

Hexagon 2.598076 



Heptagon 3.633912 

Octagon 4.828427 

Decagon 7.694209 

Dodecagon 11.196152 



8. To find the circumference of a circle. 

Multiply ihe diameter by 7r = 3.1416, or the radius by 2:r. 
(VI. 11, Cor.) 

9. To find the diameter from the circumference. 
Divide the circumference by tt. 

10. To find the length of an arc of a circle. 

Sai/, As 360° is to number of degrees in the q^c, so is the whole 
circumference to the length of the arc. (V. 25.) 
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11. To find the area of a circle. 

I. Multiply half the circumference by half the diameter, 
(VI. 12.) 

II. Multiply the square of the radius by n, (VI. 12, Cor. 1.) 

12. To find the area of a sector of a circle. 

I. Say, As four right angles is to the angle of the sector — or, 
As Hie whole circumference is to the arc of the sector — so is the 
area of the circle to the area of the sector, (V. 25.) 

II. -Multiply the arc of the sector by the radius, and divide by 
two. (Proved as VI. 12.) 

13. To find the area of a segment 
of a circle. ^ 

Subtract (he area of the triangle AD C 
from (he area of the sector ADCB, 

14. To find the area of a zone* of a 
circle. a. 

Subiraet the area of (he segment CED f 
from the area of the segment AEB, a 




15. To find the area of a circular 
ring. 

Subtract the area of the smaUer circle 
from (he area of the larger. 

If B, R be the radii, then the area 
of theringis7r(i2»-i?''). 




* D^nUv(m.—lL iane is the portion of a circle between two parallel 
ehords. 

13 • 
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EXAMPLES. 

1. The adjacent sides AB and ^C of a parallelogram are 20 and 
16, the distance on AB to the foot of the perpendicular from C7 is 5 ; 
what is the area? Ai^a, 303.8 + . 

2. The area of a triangle is 40 and the base is 10 ; what is the altitude ? 

Jim. 8. 

3. The sides of a rectangle are 16 and 25 ; what is the side of a square 

containing an equal area? of an equilateral triangle? Am, 20; 30.39. 

a* 
If a be a side of an equilateral triangle, then area is equal to t^^* 

4. What would it cost to fence the above in the three cases at 50 cents 
per linear foot? Am, $41 ; $40; $45.58. 

5. A side of a regular hexagon is 10 ; what is the area ? Aim, 259.8. 

6. The gable end of a house is 40 feet wide, the height to the eaves is 
40 feet, and to the crown 50 feet ; how many bricks, the face of each 
being 8 in. by 2 in., will be required to build it, the wall being 2 bricks 
thick? A'M, 32,400. 

7. The short sides of a right-angled triangle are 25 and 36 ; what is 
the other side? what the side of an equivalent square? 

-4n«. 43.8 + ; 21 + . 

8. The parallel sides of a trapezoid are 20 and 16, and the perpen- 
dicular distance between them is 6 ; df the otHer sides be produced to 
meet, what is the area of the whole triangle formed ? Am. 300. 

9. In the last example the trapezoid is bisected by a line parallel to 
the parallel sides ; how far from the longer side must it be drawn ? 

-4fwr. 2.84+. 
It will assist in solving this to remember that similar triangles are to 
each other as the squares of their homologous sides. 

10. A man has three lots, each containing 10 acres ; one is a square, one 
a circle, and one a semicircle ; which requires the least fencing to en- 
close it? Jtu. The circle. 

11. A farmer desiring to know the contents of a quadrilateral field, 
steps off a diagonal, 200 steps ; he then goes to the other comers, and 
steps perpendiculars to this diagonal, 80 and 30 steps. If each step be 
3 feet, how many acres in the field? Am, 2 A. 1 R . 3 + r. 
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12. In a field AD was found to be 200 chains, Bb 20, Cc 18, £16 40, 
Og 10, iy 42; also Afwas 15, fb 10, 
bg 15, gc 100, C6 40, and eD 20. 





What is the area ? ^»w. 969 A. d ^•=::g~~4- 
It will be noted that the area is 
ABb + BbcO+ an + Eed + Ee/F 
^AGg-FfgQ, 

13. One side of a regular polygon is 25, and an angle is 108° ; what 
is the area of the polygon ? Am. 1075.298. 

14. If the diameter of the earth be 7912 miles, what is the circum- 
ference? An». 24856.28. 

To obtain this answer use tt— 3.14159. 

15. If 15° of the equator pass under the sun in one hour, how many 
miles will pass in 2 hours and 22 minutes? Am. 2451.097 miles. 

16. What is the length of one degree of the equator ? 

Am. 69.045 miles. 

17. A circular plot 80 feet in diameter has a walk 8 feet wide running 
around it, inside the boundary; what amount of land is taken up by it? 

Am. 1809.56. 

18. A chord of a circle is 80, and its distance from the centre is 30 ; 
what is the area of the circle ? A-m. 7854. 

19. What is the side of a square equivalent to a circle 60 feet in 
diameter? ^tw. 53.17. 

20. A rectangle is 10 by 7 ; find the radius of a circle of the same 
perimeter. Am. 5.41. 

21. The hypotenuse of a right-angled triangle inscribed in a circle 
is 40 ; what is the area of the circle ? AriB. 4007r. 

22. From a point without a circle a line of 8 feet is drawn touching 
the circle, and a line of 4 feet meeting the circle at its nearest point ; 
what is the area of the circle ? Am. 367r. 

23. What is the area of a sector of 25° in a circle whose radius is 44 ? 

Am. 422.367. 

24. What is the area of one of the segments cut off by a side of an 
inscribed square in a circle whose radius is 10? Arts. 28.54. 

. 25. Two chords on the same side of the centre of a circle subtend 
angles of 60° and 40° ; the radius is 14 feet ; what is the area of the 

zone? Arts. 11.361 sq. ft. 

JVbte.— The chord c f 40© to radius 1 is .684. 
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26. A ladder 100 feet long is placed against a perpendicular wall; 
how far will the top move down hy moving the bottom of it 20 feet from 
the wall? Aiu, 2.03 ft. 

27. A side of a square is 20 feet; find the difierence between the 
areas of the inscribed and circumscribed circles. 

Ans, Area of smaller drde* 

28. Two circles, each having a radius of 10 feet, cut each other ; and 
the angle at the centre of either, between lines drawn to the potnts of 
section, is 40° ; what are the areas of the three figures formed ? ' 

Ana, 308.626; 5.534; 308.626. 

29. A field is 200 metres long and 50 wide ; what is its area ? 

Am, 1 hectare. 

30. Give the three dimensions of this book in metric units. Calculate 
its surface. 

31. A pole 2 metres high casts a shadow 2.6 metres long; what is the 
height of a tree whose shadow at the same instant is 78 metres ? 

^Tw. 60 metres. 

32. A rectangle 5 centimetres long and 2 wide has a semicircle 
described on its two ends ; what is the area of the whole figure ? 

Ans, 13.1416 square centimetres. 

33. A horse can pasture over a circle 20 metres in radius ; how much 
land in the circle ? Ana, 12.5664 ares. 



PART II. 

SOLID aEOMETHY. 



BOOK VII. 

PLANES. 



DEFIJflTIOJfS. 

1. A plane or plane surface is one in which, if any two 
points be taken, the straight line joining them lies wholly in 
that surface. 

It has no thickness, but is indefinite in extent in the other 
two directions. 

2. A straight line is perpendicular to a plane when it 
makes a right angle with every straight line which it meets 
in that plane. 

3. A straight line is parallel to a 
plane when, being produced ever so 
far, it does not meet it. 

4. The projection of a point on 
a plane is the foot of the perpendicu- 
lar drawn from the point to the plane. 

5. The projection of a line on a plane is the line formed 
by the projection of all its points. 
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If the line be straight, we may find 
the projections of two points, and join 
them by a straight line. The point 
where the line pierces the plane is one 
point of the projection. 



6. The angle between a line and 
a plane is the angle between the line 
and its projection on the plane. 



7. The angle between- two planes is the 
angle between two lines, drawn from the 
same point in their common section, at right 
angles to it, one in each plane. 

If this angle be a right angle, the planes 
aire perpendicular to each other. 



The angle between two planes is called a diedral aoglSy 
and it is said to be measured by the angle between the lines, 
drawn as described above. 

8. A plane is parallel to a plane when, being produced 
ever so far in all directions, it does not meet it. 

9. A golid or polyedral angle is the angle formed by 
the meeting of three or more plane angles, which are not in 
the same plane, at one point. 

If it is made up of three angles only, it is called a tari- 
edral angle. 
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Proposition 1. 

Theorem. — One part of a straight line cannot be in aplanSy 
and another part above it. 

If a straight line leave a plane, it must change its direction 
at the point where it leaves it. But a straight line is one 
which preserves the same direction throughout its length. 
Hence, if one part of a straight line be in a plane, another 
part cannot be above it 

Proposition 2. 

Theorem. — Any three straight lines which meet one another 
not in the same point, are in one plane. 

Let the three straight lines AB, 
CD, CB meet one another in the 
points B, C and E; they are in the 
same plane. 

Let any plane pafis through the 
straight line EB, and let the plane 
be turned about EB until it pass 

through the point C; then, because the points E and C are 
in the plane, the straight line EC is in it (VII. Def. 1). For 
the same reason BC Sa in it ; therefore the straight lines EB, 
BC, CE are in the same plane ; therefore the whole lines AB^ 
BC, CD are in the same plane (VII. 1). 

CoroUary. — Any two lines which cut eadi other are in the 
same plane. Also any three points whatever are in the same 
plane. Also through any three points, not in the same straight 
line, one, and only one, plane can be passed. 

Proposition 3. 

Theorem. — If two planes cut each other, their cominon sec- 
Hon is a straight hne. 

Liet the two planes AB, BC cut each other, and let B and 
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D be two points in the line of their com- 
mon section. 

From B toD draw the straight line BD ; 

and because the points B and D are in the 

"plane AB, the line joining them is in that 

plane ; for the same reason it is in the plane 

BC; it is therefore their common section. 




Proposition L 

Theorem. — If a straight line be at right angles to eaeh of two 
straight lines at their point of intersection, it is at right angles 
to the plane in which these straight lines are. 

Let AB be at right angles to each of the straight lines CD, 
J5F, at the point A of their 
intersection ; it is at right 
angles to the plane in which 
CD and EF are. 

For if it be not, let some 
other plane passing through 
A be at right angles to AB, 
and let it be the plane HK. 
Through BA, AE pass a 
plane, and let it cut the 
plane HK in the line A O. 
Then because AB is at right 
angles to the plane containing J. G, it is at right angles to AO 
XVII. Def 2). Therefore, 5-4 G is a right angle; but BAE 
is (Hyp.) a right angle, and is equal to BAO in the same 
plane, which is impossible. Hence, the plane HK is not at 
right angles \jo AB, and in the same manner we may prove 
that no plane through A, except one which passes through 
EF, is at right angles to AB. Similarly, the plane perpen- 
dicular \fy AB through A must contain CD. 
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Proposition 5. 

Jliearem. — If three straight lines meet all in one point, and 
a straight line stand at right angles to each of them in that point, 
these three straight lines are in the same plane. 

Let the straight line AB stand at right angles to each of 
the lines BC, BD, BE in B, where they meet ; BC, BD, BE 
are in the same plane. 

If not let BD and BE be in one plane, 
and -BC be above it, and let a plane 
pass through AB and BC, and let it cut 
the plane in which BD, BE are, in the 
straight line BF-, therefore the three 
straight lines AB, BC, BF are all in 
one plane; and )3ecause AB stands at 
right angles to BE and BD at their point of intersection, it is 
at right angles to the plane in which they are (VII. 4) ; and 
therefore makes a right angle with every straight line meeting 
it in that plane (VII., Def. 2) ; therefore ABF is a right an- 
gle ; but ABC is (Hyp.) a right angle, and is equal to ABF, 
which is impossible; therefore the line BC is not above the 
plane in which BD, BE are; therefore BC, BD, BE are in 
the same plane. 



Proposition 6. 

Theorem. — Two straight lines which are ai right angles to 
Hie same plane are parallel to ea^h other. 

Let the straight lines AB, CD be both at right angles to the 
plane BDE; AB is parallel to CD. 

Let them meet the plane in the points B, D, Draw DE at 
right angles to BD in the plane BDE, and let E be any 
point in it ; join AE, AD, EB, Because ABE is a right 

14 
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angle (I. 42), AE'-^BE^ = AE' ; and because BDE is a right 

angle, 

(1.42), BE'-BD'+ED'; 

AB'+BD'^ED'-^AE'. 
Now (I.42),^^+^D'-^2)»; 

AD'+ED' = AE'; 

therefore ADE is (II. 8, Cor.) a right 

angle, and the line ED stands at right 

angles to the three straight lines -BZ), 

AD, CD at their point of intersection ; 

they are therefore (VII. 5) in the same plane ; but AB, BDy 

AD are (VII. 2) in the same plane; therefore AB, BD, DC 

are in the same plane, and the angles ABD, BDC are right 

angles ; therefore CD is parallel (I. 26) to AB, 




c Q 



Proposition 7. 

Theorefm. — If two atraight lines be parallel, and one of (hem 
at right angles to a plane, (he other is also at right angles to ike 
same plane. 

Let AB and CD be two parallel straight lines, and let AB 
be at right angles to the plane EF-, CD 
is also at right angles to EF. 

For if it be not, let DC? be perpen- 
dicular to it. Then (VIL 6) DO is 
parallel ix>AB, but DC is (Hyp.) paral- 
lel to AB. DO &nd DC are therefore 
both parallel to AB, and are drawn 
through the same point, D, which is 
impossible (Ax. 11). Therefore CD is at right angles to EF, 




Proposition 8. 

Theoreftn. — Two straight lines which are each of them parallel 
to the same straight line, though not in the sams plane with it, are 
parallel to each other. 
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Let ABy CD be each of them parallel to EF, and not in the 
same plane with it ; AB will be parallel to CD, 

In EF take any point, O, from which draw, in the plane 
passing through EF and ABy OH at 
right angles to EF; and in the plane 
passing through EF and CD draw GK 
at right angles to EF. And because 
EF is perpendicular to both OHy 
OK, it is perpendicular to the plane 
HOK passing through them; and 
EF is parallel to AB and CD ; therefore AB and CD are 
at right angles (VII. 7) to the plane HOK; therefore (VII. 6) 
they are parallel to each other. 

Proposition 9. 

Theorem, — If two straight lines meeting each other, be paral- 
lel to two other lines which meet eajch other, though not in the 
game plane as the first two, the first two and the other two shall 
contain equal angles. 

Let the straight lines AB, BC, which meet 
each other, be parallel to the straight lines 
DE, EF, which meet each other, but are not 
in the same plane with AB, BC; the angle 
ABC will be equal to the angle DEF. 

Take BA, BC, ED, EF, all equal to one 
another, and join AD, CF, BE, AC, DF. 
Because BA is equal and parallel to ED, 
AD is equal and parallel to BE (1. 31). For 
the same reason CF is equal and parallel to BE. 

But straight lines which are parallel to the same line, 
though not in the same plane with it, are parallel to each 
other (VII. 8). Therefore AD is equal and parallel to CF, 
and consequently (I. 31) A C and DF are equal and parallel. 
Therefore the three sides of the triangle ABC are equal to 
the three sides of the triangle DEF; therefore the angle 
ABC \s equal (I. 9) to the angle DEF. 
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Fropositioii 10. 

JProblem. — To draw a perpendicular to a plane from a 
given point above it. 

Let A be the given point above the 
plane BH) it is required to draw from 
A a straight line perpendicular to BH, 

In the plane draw any straight line 
BCy and from the point A draw (1. 12) 
AD perpendicular to BC. K AD be 
also perpendicular to the plane BH, 
the thing required is done ; if not, from D draw in the plane 
BHy DE at right Ungles to BC, and from A draw (1. 12) AF 
perpendicular to DE, and through F draw (1. 29) GH parallel 
to -BC AF is the perpendicular to the plane BH, 

Because ^C is at right angles to ED and DA, it is at right 
angles (VII. 4) to the plane EDA ; and GH is parallel to 
BC', it is therefore also (VII. 7) at right angles to the plane 
EDA, and is perpendicular to every straight line which it 
meets in that plane ; therefore GH is perpendicular to AF; 
but AF is also perpendicular to ED ; therefore AF is perpen- 
dicular (VII. 4) to the plane in which GH, ED are ; that is, 
the plane BH\ therefore, from the point A the line AF has 
been drawn perpendicular to the plane BH, 



Froposition 11. 

JProblem. — To draw a line at right angles to a plane from a 
given point in it. 

Let -4 be a given point in the plane 
BC', it is required to draw from A 
a line at right angles to BC. 

Take any point D above the plane, 
and draw the line DE perpendicular 
(VII. 10) to the plane; and from A 
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draw (T. 29) AF parallel to it. Then (VII. 7) AF is at right 
angles to the plane. 



Proposition 12. 

Theorem, — From the same poini in a plane there cannot he 
two straight lines at right angles to a platie upon the same side 
of it; and there can be lyut one perpendicular to a plane from 
a given point above it. 

For, if it be possible, let the two straight lines AB, AC he 
at right angles to a given plane from a point A in that plane ; 
let a plane pass through BAy AC; the 
common section of this plane with the 
given plane will be a straight line 
passing through A, Let DAE be this 
line ; therefore the straight lines AB, 
A C, DAE are in one plane ; and be- 
cause CA is at right angles to the 
plane, CAE is a right angle. For the 

same reason, BAE is a right angle. Therefore CAE, BAE 
are equal to each other, which is impossible. 

Also from the same point above a plane there cannot be 
drawn two perpendiculars to a plane, for if there could be 
two, they would be parallel (VII. 6), which is absurd. 



Proposition 13. 

Theorem* — Planes to which the same straight line is per- 
pendicular are parallel to each other. 

Let the straight line AB he perpendicular to each of 
the planes CD, EF; these planes are parallel to each 
other. 

4* L 
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If not, they must meet when pro- 
duced, and their common section must 
be a straight line. 

Take any point in this common sec- 
tion and join it with A and B. Be- 
cause AB is at right angles to the 
planes, it is at right angles to these 
lines in the plane. Therefore, there 
would be two angles of a triangle equal 
to two right angles, which is impossible. 
Hence, CD and EF do not meet ; they are therefore parallel. 



c 




E 




A 




6 



Fropositioii 14. 

Theorem. — If iwo straight lines meeting each other beparaUel 
to two other straight lines meeting each other, though not in the 
sams plane udth the first two, tlie plane which passes through 
the first two is parallel to the plane which passes through the 
other two. 



Let AB, BC, two lines meeting each other, be parallel to 
DE, EF, that meet each other, though not in the same plane 
with AB, BC. The plane through AB, BC \a parallel to the 
plane through DE, EF. 

From B draw (VII. 10) BO 
perpendicular to the plane 
through DE, EF, and let it 
meet that plane in O, and 
through O draw (I. 29) OH 
parallel to J5Z>, and OK parallel 
to EF. And because BO\a oi 
right angles to the plane DE, 
EF, BGHsLiid BOK are right 
angles (VII., Def. 2). And be- 
cause AB is parallel to OH (both being parallel to ED) the 
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angles GBA, BGH are equal to two right angles (I. 27) ; but 
BGH is a right angle, therefore GBA is a right angle. For 
the same reason GBC is a right angle. Hence, because GB 
stands at right angles to the two lines AB, BC at the point 
where they meet, it is at right angles (VII. 4) to the plane in 
which AB, BC are. It is also at right angles to the plane 
through DE, EF; but planes to which the same lines are per- 
pendicular are parallel (VII. 13). Therefore the plane through 
AB, BC IB parallel to the plane through DE, EF. 

CfaroUary, — Hence, if a straight line meet two parallel planes 
and be perpendicular to one, it is also perpendicular to the other. 



Proposition 15. 

Theorem, — ^ two parallel planes be cut by another plane, 
iheir common sections with it are parallel. 

Let the parallel planes AB, CD be cut by the plane EFGH, 
and let their common sections with it 
be EF and GH\ EF is parallel to GH. 

For the straight lines EF, GH are 
in the same plane, namely EFHG, and 
they do not meet, though produced, be- 
cause the planes AB, CD in which 
they are, do not meet ; therefore EF is 
parallel to GH. 
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Proposition 16. 

Theorem, — If two straight lines be cui by parallel planes, they 
win be cut in the same ratio. 

Let the straight lines ^5, CD be cut by the parallel planes, 
GH, KL, MN, in the points A, E, B; C, F, D; 

then AE : EB :: CF : FD. 
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Join A Cy BDy AD ; and let AD meet the plane KL in the 
point X and join EX, XF, Be- 
cause the two parallel planes KL, 
MN are cut by the plane EBDX, the 
common sections BD, EX are paral- 
lel (VII. 15). For the same reason, 
because the two parallel planes OH, 
KL are cut by the plane A CD, A C 
and XF are parallel ; and because 
EX is parallel to BD, one side of 
the triangle ABD, 
(V. 2), AE: EB :: AX: XD; 
again, because XF is parallel to AC, 
(V. 2), AXiXD:: CFiFD; 

.'.(IV.ld),AEiEB:: CFiFD. 




Proposition 17. 

Theorem. — If a straight line be at right angles to a plane, 
every plane which passes through that line is at right angles to 
the firsirmentioned plane. 

Let the straight line AB stand at right angles to the plane 
CD ; any plane through AB will also be 
perpendicular to CD. 

Let HF be a plane passing through 
AB, and let EF be the common section 
of the two planes. In the plane CD draw 
BO 2it right angles to EF. Then because 
AB is at right angles to CD, it is at right 
angles to EF and BO, which it meets in 
that plane; hut BO is also at right angles tx> EF. Hence 
AB, BO are drawn at right angles to the common section of 
the two planes, one in each plane, and they are at right angles 
to each other ; therefore (VII., Def. 7) the planes HF, CD are 
at right angles to each other. . 
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Proposition 18. 

Theorem. — If two planes cutting each other he each of them 
perpendicular to a third plane, their common section is perpen- 
dicular to the same plane. 

Let the two planes AB,BC he each of them perpendicular 
to a third plane, and let BD be the common section of the 
first two ; BD is perpendicular to the plane ADC. 

From D, in the plane ADC, draw DE perpendicular to 
AD and DF to DC. Because DE is per- „ 

pendicular to AD, the common section of 
AB and ADC, and because the plane AB 
is at right angles to ADC, DE is at right 
angles to the plane AB, and therefore to 
DB in that plane. For the same reason, 
DF is at right angles to DB. Therefore 
DB being at right angles to DE, DF at their 
point of intersection is at right angles to the 
plane ADC (VIL 4). 




B C 



Proposition 19. 

y^earem. — Any two angles of a triedral angle are together 
greater than the third. 

Let the solid angle at ^ be contained by BAD, DA C, CAB ; 
any two of these are together greater than the third. 

If they are all three equal, it is evi- 
dent that any two of them are greater 
than the third If not, let BA C be that 
angle which is not less than either of the 
other two, and is greater than one of 
them, DAB. Make, in the plane, 
which passes through BA, A C, the 
angle BAE equal to the angle DAB ; 
take any point, D, in AD, and make 
AE equal to AD, and through E drawBEC, cutting AB, A C 
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In the points B, C, and join BD, CD. And because DA is 
equal to AE, and AB is common to 
the two triangles ABD, ABE, and 
also the angle DAB is equal to the 
angle EAB, therefore DB is equal to 
BE. And because J5Z), DC are greater 
than BCy and one of them, BD, has 
been proved equal to BE, the re- 
mainder, DC,is greater than the re- 
mainder EC, therefore the angle DA C 

is greater (1. 8, Cor.) than the angle EA C, and by construction 
DAB is equal BAE ; therefore the angles DAB, DA C are 
together greater than BAE, EAG — ^that is, than BAC; but 
BAC is not less than either of the others; therefore BAG 
with either of them is greater than the other. 




Proposition 20. 

Theorem. — The plane angles which contain any solid angle 
are together less than four right angles. 

Let ^ be a solid angle contained by any number of plane 
angles BAC, CAD, DAE, EAF, FAB; 
these together are le^ than four right 
angles. 

Let the planes which contain the solid 
angle A be cut by another plane, and let 
the section of them by this plane be the 
rectilineal figure BCDEF, 

Let M^ the sum of all the angles at A ; 
n = the number of angles at A ; 

S = the sum of the angles at the bases of the triangles ; 
P=the sum of the angles of BCDEF; 
R «= one right angle. 
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Because the angle at £ is triedral, the two angles ABC, 
ABF are together greater (VII. 9) than CBF. In the same 
way all the angles at the bases of the triangles having a com- 
mon vertex at A, are greater than the angles of BCDEF, or 

S>R 

Now (1. 30), the angles of ABC are equal to two right angles, 
and the same is true of the other triangles ; hence, 

also (I. 30, Cor. 1), P= » x 2i2 - 4JB, 

or, P+4i2 = wx2fi; 

hence, if+/S=P+4P. 

But S>P; .', M<4R. 

Proposition 2L 

Theorem. — If the plane angles which constitute one triedral 
angle be equal, each to each, to the plane angles which constitute 
another, the faces of the two angles are equally inclined to ea^ch 
other. 

Let A and B be two triedral angles, of which the plane 
angles CAD, FBG, a^ also DAE, GBH, and CAE, FBH 
are equal to each other ; then the 
planes containing the equal angles 
are equally inclined to each other. 

In AC take any point K, and 
draw, in the planes CAD, CAE, 
KD, KE at right angles to AC', 
then DKE will be (Def. 7) the 

inclination of those planes ; make BL equal to AK, and draw 
OL, LH in the planes FBQ, FBH, at right angles to BF\ 
then OLH will be the inclination of those planes. 

Because in the triangles AKD, BLG, AK is equal to J5X, 
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the angle KAD to the angle LBO (Hyp.), and the angles 
AKDy BLGy right angles, there- 
fore (I. 5) KD is equal to XG, 
and AD to BO. For the same 
reason KE is equal to LHy and 
AE to BH. Then, in the tri- 
angles ADE, BOH, the two 
sides DA, AE are equal, to OB, BH, and their included 
angles are equal; therefore (I. 4), DE is equal to OH. 
Lastly, in the triangles DKE, OLH, because the three sides 
of one are equal to the three sides of the other, the «uigles 
DKE, OLH are equal (I. 9) to each other ; but these angles 
are the inclination of the planes DA C, CAE, and the planes 
OBF, FBH, to each other ; therefore the planes are equally 
inclined. And in the same way we may prove it of the 
other faces. 



EXERCISES. 



1. To pass a plane perpendicular to two parallel lines. 

2. If two planes, \^hich intersect, contain two lines which 
are parallel to each other, one in each plane, the common 
section of the planes will be parallel to the lines. 

Pass a plane perpendicular to the parallel lines. 

3. To pass a plane through a given line perpendicular to a 
given plane. 

4. If a line be parallel to one plane and perpendicular to 
another, the planes are at right angles to each other. 

5. The perpendicular is the shortest line drawn from a point 
to a plane. Oblique lines drawn at equal distances from the 
perpendicular are equal ; and of two oblique lines unequally 
distant from the perpendicular, the more remote is the greater. 
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6. The acute angle which a line makes with its own projec- 
tion on a plane, is the least angle which 

it makes with any line on the plane. 

See Def. of projection, and use the 
last Ex. and (I. 8, Cor.). 

7. If a plane be passed through a 
diagonal of a parallelogram, the perpen- 
diculars to this plane from the extremities of the other diag- 
onal are equal. 

Pass a plane through the perpendiculars and the other diag- 
onal, and work in equal triangles. 

8. If each of the projections of a line on two intersecting 
planes be straight, the line itself is a straight line.* 

9. If, from a point A, a perpendicular a 
be drawn to a plane meeting it at B, and 
from B a perpendicular be drawn on a 
straight line DE in the plane, meeting 
it in C, then AC y& perpendicular to DE. 

10. Within a given triangle is in- 
scribed another triangle ; *then the sum 
of the angles subtended by the sides of 

the interior triangle at a point not in the plane of the tri- 
angle, is less than the sum of the angles subtended at the 
same point by the sides of the exterior triangles (VII. 19). 

11. A straight line is drawn within a triedral angle ; the 
angles which this line makes with the lines which form the 
sides of the angle, are greater than the half sum of the three 
angles forming the triedral angle (VII. 19). 

12. Show that a plane is fully determined in position, (1) 
when we have in it three points ; (2) a line and a point ; (3) 
two intersecting lines ; (4) two parallel lines. 

* The exception to this is when the line is a curve and its plane is 
perpendicular to both the other planes. 
15 
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POLYEDRONS, CYLINDERS, CONES. 



Xa/ 
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DUFIJriTIOJfS. 

1. A solid is a figure having length, breadth and thickness. 

2. A polyedron is a solid bounded by plane surfaces. 

3. A prism is a polyedron of which r^- — -. 
two opposite faces, called bases, are >^ 
equal, similar, and parallel polygons, 
and the other &ces are parallelograms. 

If the lateral edges stand at right 
angles to the base, it is said to be a 
right prism. If the base be a tri- 
angle, it is called a triangular prism ; 
if a pentagon, a pentangular prism, etc., etc. 

4. A parallelopiped is a prism 
whose base is a parallelogram^ 

CkyroUary. — Hence, all its faces are 
parallelograms. 

If all its faces be rectangles, it is 
said to be rectangular. 

If all its faces be squares, the solid is called a cubo* 
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a triangnlar 



5. A pjrramid is a polyedron, of which 
one of its faces, called the base, is any 
polygon, and the other faces are triangles 
having a common vertex, which is not in 
the plane of the hase. If the base be a 
regular polygon, and the line from the 
vertex to the middle of the base be at 
right angles to its plane, the pyramid is a 
rififht pyramid. 

If the base be a triangle, it is called 
pyramid, etc. etc. 

6. A cylinder is a solid formed by the revo- 
lution of a rectangle about one of its sides. 

7. This side is the axis of the cylinder ; the 
circular ends are the bases. 



8. A cone is a solid formed by the revolu- 
tion of a right-angled triangle about one of the 
sides adjacent the right angle. 

9. This side is the axis of the cone; the 
base is the circle formed by the other side, 
and the other extremity of the axis is the 
vertex. 

10. The slant height of a cone is the distance from any 
point of the circumference of the base to the vertex. The 
slant height of a right pyramid is the distance of any side 
of the perimeter of the base from the vertex. 

11. The frustum of a cone or pyramid is the portion cut 
off toward the base by a plane parallel to the base. 

12. Similar solids are such as are contained by the same 
number of similar planes, similarly placed. Similar cylin- 
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ders and cones are such as have tiieir altitudes and diajneters 
of their bases proportional to each other. 

13. The terms cylinder and COne have 
often a wider meaning than that just given. 
If a straight line be moved on any curve, so 
as to be always parallel to its original po- 
sition, the surface generated is a cylindrical 
surface. If moved so that all the different 
positions of the line pass through a point not 
ill its plane, the surface is a COnical surface. 
The different positions of the generating line 
are called elements of the surface. The 
elements of a cone may be continued beyond 
the vertex when another cone is formed simi- 
lar to the first. If the base be a circle, and 
the elements of the cylinder be perpendicular 
to the base, the ordinary cylinder is formed, 
which is therefore said to be a right cylinder 

with a circular base. If the line from the vertex of the cone 
to the centre of the circular base be perpendicular to the 
plane of the base, the cone is a right cone. 

14. A prism is inscribed in a cylinder when all the lateral 
edges of the prism are elements of the cylinder. A pyramid 
is inscribed in a cone when all the lateral edges of the pyra- 
mid are elements of the cone. 




Proposition 1. 

Theorem, — if two prisms have the three fajoes which bound 
any solid angle in each, equals similar and similarly pUuxdy th6 
prisms will he equal. 

Let the two prisms A-BDEFC, orbdefe hdve the three 
&.ceB which bound the solid angles B, b, equal, similar 
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and similarlj placed. The prisms will be equal to each 

other. 

Apply the prism A CE to the prism ace, so that B shall be 
on hy and the bases coincident. 
And because the three angles 
which contain the angle B are 
respectively equal to the three 
which contain the angle 6, their 
&ces are equally inclined to each 
other (VII. 21). Therefore the 
fiwjes AD, A C will coincide with 
ady ac; and because they are 
equal and similar, the lines A G, 
AH will coincide with ag, ah. 
Therefore the upper bases, being equal and similar to the 
lower bases and to each other, will coincide altogether, and 
hence the other feces will coincide, and the prisms will coin- 
cide altogether, and are therefore equal to each other. 




Fropositioii 2. 

Theorem. — The opposite faces of a paraMehpiped are equal 
and similar figures. 

Let A'BCED be a parallelepiped; its opposite faces are 
equal and similar. 

The two bases OF, DC are equal 
and similar by (Def. 3). Because 
^ (7 is a parallelogram, AB is equal 
and parallel to FC*, for the same 
reason, the other sides of the fece 
AD are equal and parallel to the 
other sides of the face FE. There- 
fore the angles of one fece are equal ^ ^ 
to those of the other (VII. 9). Therefore the feces are equal 

16* 
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and similar ; and in the same way it may be proved that AC 
and OE are equal and similar. 

Proposition 3. 

Theorem, — If a plane be passed thr<mgh the diagonals of 
two of the opposite faces of a parallelopiped, it wHl divide the 
parallelopiped into two equal triangular prisms. 

Let A-BCDE be a right parallelopiped, and let a plane be 
passed through AF and BD, the diagonals of the opposite 
&ces. The two prisms formed will be equal to each other. 

Because EC^& a parallelogram and BD 
is its diagonal, the triangles BED^ BCD 
are equal and similar. Also, the face 
AC\& equal and similar (VIII. 2) to the a^ 
fece EF, and AE to GZ>. Therefore the 
three faces which bound the solid angle C 
are equal and similar to the three faces 
which bound the solid angle E. They 
are also similarly placed ; therefore 
the prism A-BCD is equal to the 
prism A'BED (VIII. 1). 

If the parallelopiped be oblique, 
draw right sections through A and 
B and let the diagonal plane pass 
through AH and BC The solid 
BDGFE may be applied to solid 
AOHLKy and will be found equal. Hence the triangular 
prism BDO-A OH is equal to BEF-AKL. This is also true 
on the other side of diagonal plane. But the parts of the 
right prism are equal (Case I.). Hence are also the parts 
of the oblique prism. 

Proposition 4. 

Theorem* — Parallel opipeds which are upon the same base 
and of the same altitude are equal to one another. 

Case I. — Let AB^ ^C be two parallelepipeds upon the 
same base, ADEF, and of the same altitude ; and let their 
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upper bases, MO, CH, lie between the same parallels MCy KL. 
AB and AC are equal to 
each other. Because KO 
and HL are both equal to 
AD, they are equal to each 
other ; hence KH is equal to 
OL; and because they are 
opposite sides of a parallel- 
ogram, AH is equal to DL, 
and AK to DO. Therefore 
the triangles AHK, DLO 
are equal and similar; also 
the face AM \a equal and 

similar (VIII. 2) to the face DB, and ANU) DC, Therefore 
the two triangular prisms, AKH-FMN, DOL-EBC, have 
the three faces which bound the solid angles at A and D re- 
spectively equal to each other ; therefore the prisms are equal 
(VIII. 1). 

From the polyedron KADL-C take each of these equal 
prisms ; there will remain the parallelepipeds AB and A C, 
which are therefore equal to each other. 

Case II. — ^If the upper bases 
do not lie between the same 
parallel lines, produce their sides 
to intersect, so as to form the 
parallelogram L O. The paral- 
lelograms L G, AD will be equal 
to each other, because their 
sides are respectively equal 
and parallel. A parallelopiped 
which would have AD for its 
lower base and L O for its upper 
would be equal (Case I.) to each 
of the parallelopipeds^jB, J.C. 
They are therefore equal to each other. 
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Proposition 6. 

Theorefm. — Aw^ parallelopiped is equal to a rectangular 
parallelopiped of equal hose and altitude. 

Let ABCD be the base* of any parallelopiped. The 
parallelopiped is equal to a rectangular one on an equal base 
and of the same altitude. 

On the base ABCD construct the parallelopiped AE^ of 
the same altitude as the given one, 
and haying each of the faces perpen- 
dicular to the plane of the base. 
This wiU be equal (VIII. 4) to the 
given parallelopiped. In the plane of 
the base draw AF^ DG dX right angles 
to AD, meeting BC m F and O. On 
AG construct a rectangular parallel- 
epiped, AHf of the same altitude as 
the others. " " 

The rectangle AG is equal (1. 33) to the parallelogram A C; 
also the parallelepipeds AH, AE are equal to each other, be- 
cause they are on the same base, AK, and of the same alti- 
tude ; but AE is equal to the given parallelopiped ; therefore 
AH is equal to the given parallelopiped, and it is on the base 
A G equal to A C, and has the same altitude. 

CkyroUary. — Parallelopipeda on equal bases and of the same 
altitude are equal to each other. 

For reduce them to rectangular parallelepipeds of the same 
altitude and of equal bases. Place them so that EK, HG of 
figure in (V. 14) will be the bases. Complete the whole paral- 
lelepiped. Then, by a process similar to (I. 40), the com- 
plementary parallelepipeds may be shown to be equal. 

* The parallelopiped is not constructed, because the number of lines 
would cause concision. 
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Proposition 6. 

Utsorem* — If a rectangular parallelopiped be cut by a plane 
parallel to its opposite faces, the solids formed are proportional 
to their basses. 

Let the rectangular parallelopiped, AB, be cut by a plane, 
CD, parallel to EB and AF\ 

then AD I CB :: AG : CH. 

Case I. — Let the lines A C and 
CE be commensurable, and let 
AC contain the common unit 
any number of times, as 7, and 
CE any number of times, as 4;' ^ ^ ^ 

through the points of division conceive planes to be passed 
parallel to CD, Then AD will be divided into 7 equal prisms 
(I. 34), (VIIL 5, Cor.), and CB into 4. 



(1) 



Case II. — Let the lines A C and CE be incommensurable. 
Suppose the prism CB be applied to the prism AD, so that 
CD shall coincide with AF, 

(Up to this point refer to last figure.) 

If it be not true that 

AD :AB ::A0 : AH, 
suppose that AD : AB :: AO : AK 

Beginning at A, divide A C into equal 
poilions by some unit smaller than EL, 
At least one point of division, as 0, will 
fall between E and L, Through let a 
plane be passed parallel to EB, and let AM be the prism formed. 

M 



Therefore, AD 


CB : 


: 7 : 4. 


But AC : 


CE : 


: 7 :4; 


.•.(IV. 15), AD: 


CB : 


: AC : CE. 


But (V. 1, Cor.)^C : 


CE : 


: AO : CH; 


.•.(IV. 15), AD: 


CB I 


: AO : CH. 



B M 



¥ 
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Then (Casel.) AMi AD :i AN: AG. 

'But by supposition, AD : AB :: AO : AK; 
.-. (IV. 13), AM : AB :: AN: AK 

But AM is greater than AB, therefore AN is greater than 

AK. But AN is less than AK, which is impossible. 

Therefore it is not true that 

AD : AB :: AG : AK 
Hence AD : AB :: AG : AH. 

Corollary. — ^From Proportion (1) of Case I. it is evident 
that, Rectangular parallelepipeds on the same base are propor- 
Uonal to their aUitudea. 



Proposition 7. 

Theorem. — Rectangular parallelopipeds of the same attitude 
are proportional to their bases. 

Let AB, CD be two rectangular parallelopipeds of the same 
altitude ; 
then AB:CD:AE:CH. 

On EF construct the rect- 
angle FG equal to CH, and 
upon FG, construct the rect- 
angular parallelopiped FK of 
the altitude of the prisms. Then 
(VIIL 6), AB:FK::AE: FG. 
But (VIIL 5, Cor.), 

FK^CD, &\soFG=^Cff', 

.'.AB:CD::AE: CH. 




Proposition 8. 

Theorem. — Any two rectangular parallelopipeds are propor- 
tional to the products of tJieir bases and altitudes. 

Let AB, AC he two rectangular parallelopipeds. Place 
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tl^em so as to have a common angle A, and produce, if 
sary, the sides of ^dC so as to 
cut the plane DB in the parallel- 
ogram DE. Then AE will be 
another parallelopiped having 
the same altitude as AB^ and the 
same base as ^ C 
Now (Vm. 6, Cor.), 

AE:AC:iADiAH\ 
also (VIII. 7), 

ABiAEiiAOiAF', 
.•.(IV. 13, Cor.), A M K 

AB iACm AD^AO : AHxAF. 

CkMToUary !• — Rectangular parallelopipeds are proportional 
to the products of their three dimensions. 

For (V. 16) the bases are equal to the products of their 
adjacent sides; hence the last proportion becomes 

AB : AC iiADxAKxAL : AHxAMxAK 

CoroUary 2» — The volume of any rectangular parallelopiped 
is equal to the product of its three dimensions, or of its base and 
altitude,* 

For suppose each of the three dimensions of ^ C to be the 
linear unit of measure, then the volume A C will be the cubic 
unit, and the last proportion becomes 

AB : 1 :: ADxAKxAL : 1x1x1, 
or AB = ADxAKxAL, 

CoroUary S. — The volume of any parallelopiped is equal to 
the product of its hose and altitude.'* 

For any parallelopiped is equal to a rectangular one of equal 
base and altitude. 



* By this iH meant the product of the square units of the base and the 
linear units of the altitude. 
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Proposition 9. 

Theorem* — The volume of a7iy prism is equal to the product 
of the area of its base and its altitude. 

Let A-BCD be a prism, an3 first 
let it •be triangular. Complete the 
parallelepiped BF. It is equal to the 
area of its base multiplied by its alti- 
tude (VIII. 8, Cor. 3). The prism 
A-BCD is one half (VIII. 3) the 
parallelopiped BF, and its base ^ " 

BCD is one half the base BE. Therefore the volume of 
A'BCD is equal to the product of the area of its base and 
its altitude. 



-^ 

d 



Next let it have any number of sides. It 
may be divided by planes into triangular 
pyramids having a common altitude. As 
each of these is equal to the area of its 
base multiplied by its altitude, their sum 
is equal to the sum of their bases, or the 
whole base, multiplied by the common alti- 
tude. 




Corollary, — Prisms on equal bases and of the same attitude 
are equal to one another. 



Proposition 10. 

Theorem, — The lateral surface of a right prism is equal to 
the perimeter of its base multiplied by its altitude. 

Let A'BCD be a right prism ; its lateral surface — ^that is, 
the sum of all the parallelograms forming its sides — ^is equal to 
the perimeter multiplied by its altitude. 
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Because the prism is a right prism (Def. 3) the angle ABC 
is a right angle. Hence the figure A C 
is a rectangle. Similarly, all the lateral 
faces are rectangles, and are equal to the 
product of their length and breadth (V. 
16). But they have a common altitude A£, 
and their other sides BC, CE, etc. make 
up the perimeter of the base of the prism. 
Hence the sum of the areas of all of 
these rectangles is equal to the perimeter 
of the base of the prism multiplied by its 
altitude; or the lateral surface of the 
prism - AB(^B C+ CE+ ED + DF^ FB). 

Proposition 11. 

TTieorem. — The lateral surface of a right pyramid is equal to 
the perimeter of its base multiplied by one half its slant height. 

Let A'BCE be a right pyramid. Its 
lateral surface — ^that is, the sum of the 
areas of all the triangles forming the 
sides — ^is equal to the perimeter of its base 
multiplied by one half the slant height. 

Because this is a right pyramid (Def 5), 
BCDEF is a regular polygon, and the 
perpendicular AO passes through the 
middle of the base. Hence, GB is equal 
to GC; therefore, AB is equal (I. 42) to 
A C. Similarly, the other edges are equal, and the triangles 
forming the lateral surface are all equal (I. 9) to one another. 

Now, because the slant height AH is (Def. 10) the distance 
of BC from A, it is at right angles to BC, It is therefore 
the altitude of the triangle ABC. The area of this triangle 
is therefore equal to one half the product of BC and AH, 
Hence the sum of the triangles is equal to the sum of their 
bases, or perimeter of the base of the pyramid, multiplied by 
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one half its slant height, or the common altitude AH; or the 
lateral surface of the pyramid 

'=iAH(iBC+ CD+DE+EF+FB). 

Scholium.— Let A-BCDE be the frus- 
tum of a pyramid, and OH its slant 
height. Then, because BD and AK are 
parallel planes and the lateral faces meet 
them, their intersections are parallel. 
Hence, each of the faces BF, CK, etc., is 
a trapezoid. Now, the area of a trapezoid is equal to the 
sum of the parallel sides multiplied by half the distance be- 
tween them (V. 17). But the distance between them is the 
slant height of the frustum. Hence, the sum of all the trape- 
zoids, or the lateral surface oj the frustum, is equal to the sum 
of the perimeters of the two ends multiplied by half the daiU 
height 

Proposition 12. 

Theorem. — If a plane he passed cutting a pyramid parallel 
to the hose — 

1. The edges and the altitude will be cut proportionally, 

2. The section is a figure similar to the base, 

1. Let a plane cut the cone A-BCD paral- 
lel to the base, making the figure bed ; the 
edges and altitude will be cut proportion- 
ally. 

For, suppose a plane to pass through A 
parallel to the plane of the base ; then the 
edges and the altitude, being cut by three 
parallel planes, will be cut proportionally 
(Vn. 16). 

2. BCD will be similar to bed. For, 
because BC is parallel (VH. 15) to be, the triangles ABC, 
Abe are similar. 
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BC 


: be. 


BD 


■.bd; 


be 


bd. 



. ' . (V. 4) and alternately, AB : Ab 

For the same reasons, AB : Ab 

. • . (IV. 15) and alternately, BC : BD 

Also the angle CBD is equal (VII. 9) to the angle cbd, and 
the sides about the equal angles are proportional ; and the 
same is true of any other angles of the figures. They are 
therefore similar. 

Froposition 13. 

Theorem. — Jff two pyramids, having equal bases and alti- 
tudes, and their bases in the same plane, be cut by a plane 
parallel to the base, the figures formed will be equal to each 
other. 

Let pyramids A-BCD, 
a-bcde, which have equal bases 
BCD, bcde, and the same alti- 
tude BH, and their bases in 
the same plane, be cut by a 
plane parallel to the base at 
any distance BK from it; 
the sections EFO, fghk will 
be equal. 

Because BCD, EFO are 
(VIII. 12) similar figures (V. 19), 

BCD : EFO :: BC' EF'; 

also (V. 4), (V. 17, Sch.), 

BC : EF' :: AB" : AE' : : (VII. 16), HB' 

.'. (IV. 15), BCD : EFO 

Similarly, bcde : fghk 

.'. (IV. 15), BCD : EFO 




HK"; 



HB' 
HB" 

bcde 



fghk. 



But (Hyp.) BCD is equal to bcde ; therefore EFO is equal 
to fghk. 
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Propositioii 14. 

Theorem. — A series of prisms may be inscribed in a pyror 
mid, and another series described about it, which shall differ 
from each other by a solid less than any assignahie solid. 

Let A-BCD be a pyramid, 
and BE its altitude. Divide 
BE into any number of equal 
portions, and through the 
points of division pass planes 
parallel to the base of the 
pyramid. On these sections 
as lower bases describe a 
series of prisms ; these may 
be said to circumscribe the 
pyramid. On these sections 
as upper bases describe a 
series of prisms ; these may be said to be inscribed in the 
pyramid. 

Now, because the inscribed and circumscribed prisms 
HKL-P and HKL-R on any base HKL have the same 
altitude, they are equal (VIII. 4) to each other. Hence, all 
the circumscribed prisms have equal inscribed prisms, except 
the prism on the base BDC, Hence, the sum of the circum- 
scribed prisms exceeds the sum of the inscribed prisms by 
the prism BDC-S. 

By doubling the number of divisions of BE, the prism 
BDC'S becomes half its former value, being on the same base 
and of half the altitude. By successive doublings it may be 
made less than any assignable solid. 

ScJiolium. — Hence, as we increase the number of sections, 
the sums of the inscribed and of the circumscribed prisms ap- 
proach more nearly to each other and to the pyramid. The 
pyramid is the limit to which they approach as the number of 
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sections is indefinitely increased. The difference between them 
and the pyramid may be made less than any given quantity. 
As we increase the number of sections to infinity, the difference 
between the prisms and the pyramid becomes less than any 
finite, quantity, or zero, 

Propositioii 15. 

Theorem. — Pyramids on equal bases and of the same altitude 
are equal to each other. 

Let A-BCD and E-FOHK be two pyramids having equal 
bases, BCD and FOHK, and the same altitude, BL. They 
are equal to each other. 

Divide the altitude BL into any number of equal portions, 
and through the points of 
division suppose planes to 
pass parallel to the bases. 
They will cut equal sections 
from the pyramids. On these 
sections inscribe in each of 
the pyramids a series of 
prisms. They will be equal 
to each other (VIII. 9, Cor.), 
and this will be true what- 
ever the number of divisions 
in BL, It is therefore true 

when that number is infinitely increased, and the series of 
prisms coincide with the pyramids (VIII. 14, Sch.). Hence 
the pyramids are equal. 




Proposition 16. 

Theorem, — A triangular prism may he divided into three 
equal triangular pyramids. 

Let ABC'DEF be a prism; it may be divided into three 
equal triangular pyramids. 
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Draw the diagonals BD, BF, AF. Through BD, BF pass 
a plane, and also through BF, AF. The 
three pyramids formed will be equal to 
one another. 

The pyramid of which B is the vertex 
and DEF the base is equal to the pyra- 
mid of which F is the vertex and ABC 
is the base, because they are upon equal 
bases and of the same altitude (VIII. 15). 
The pyramid of which F is the vertex 
and ABC the base may be considered 
as a pyramid of which B is the vertex 
and A CF the base, and is therefore equal to the pyramid of 
which B is the vertex and ADF the base (VIII. 15). Hence 
the three pyramids are equal to one another, and together 
they make up the prism. 

Corollary » — The volume of any triangular pyramid is equal 
to one third the product of the area of the base and the altitude. 




Proposition 17. 

Theorem. — The volume of a pyramid is equal to one third 
the product of the area of the base and the altitude. 

Let A-BCDEF be a pyramid ; its 
volume is equal to one-third the prod- 
uct of the area of the base, BCDEF, 
and the altitude. 

On the base of the pyramid con- 
struct a prism of the same altitude as 
the pyramid, and divide prism and 
pyramid into triangular prisms and 
pyramids by planes passing through 
CFy DF, the diagonals of the base. 

The volume of each of these pyra- 
mids is equal (VIII. 16) to one third the volume of the prism 
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on the same base and altitude. Hence the volume of the 
whole pyramid is one third the volume of the whole prism. 
But the volume of the prism is equal (VIII. 9) to the product 
of the area of its base and its altitude. Hence the volume of 
the pyramid is equal to one third the product of the area of 
the base and the altitude. 



Froposition 18. 

Theorem.— Similar pyramids are to one another as the cubes 
of (heir homologous sides. 

Let A'BCD, a-bcd be two similar pyramids, 
then A'BCD : orbcd : : BC : be". 

Let the pyramid a-bcd be applied to the pyramid A-BCD, 
so that a shall be on A, and 
the line ab on the line-4-B; 
b will take some position 
on AB sa g; also because 
the pyramids are similar, 
the plane angles at A and 
a are equal (VHI., Def 12) 
to each other, and therefore 
the planes are equally in- 
cUned (VH. 21). 

Hence the faces of a-bcd 
will coincide with the faces 

of A-BCD, and, because the angles at the bases are equal, the 
lines ge,BC, etc. etc. will be parallel, and the plane gef will 
be parallel to the plane BCD. Let Am, Anh^ the altitudes 
of the two prisms. 

Now (V. 4), and alternately, 

BC I ge :\ AB I Ag i\ (VHI. 12) Am : An, 
or (IV. 3, Cor.), \Am : ^An :: BC : ge; 
also (V. 19), BCD : gef : : BC : g(^. 
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Multiplying together the numerical units of these propor- 
tions, term by term, 

BCDx^Am : gefx^An :: BC^ : g^. 

, Now, the first terms of this proportion represent (VIII. 17) 
the volumes of the pyramids. Theref(»*e, 

A-BCn : a-bed : : BC* : 6c». 

CaroUary 1. — Similar pyramids are proportional to ihe 
evhes of their altitudes. 

CkyroUary 2. — Similar prisms are proportional to the cubes 
of their homologous sides. 

For they would be three times the volume of pyramids of 
the same base and altitude, and therefore in the same pro- 
portion to each other. 

CiyroUary 3. — Similar polyedrons are proportional to the 
cubes of their homologous sides or of any homologous lines. 

For they may be divided into the same number of similar 
triangular pyramids. 

Propositioii 19. 

Theorem. — The volume of a frustum of a pyramid is equal 
to the volums of three pyramids^ whose common altitude is the 
altitude of the frustum, and whose bases are the two bases of the 
frustum and a mean proportional between them, 

1. Consider the triangular frustum 
ABC'DER Divide it into three por- 
tions by planes through the diagonals 
CD, CE and CD, DB, One of these 
will be the pyramid of which C is the 
vertex and DEF the base, having for 
its altitude the altitude of the frustum. 
Another is the pyramid of which D is 
the vertex and ABC the base, also having for its altitude the 
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altitude of the frustum. The remaining portion is the pyra- 
mid having £! for its vertex, and DBE for its base. 

From C draw CG in the plane AF parallel to AD, meeting 
DF in O ; from O draw OH in the plane DEF, parallel to 
EF or CB; join BH, EG. Then the triangle DGH will be 
equal to ABCyVnndiDGEyn)! be a mean proportional between 
ABC and DEF (V. 22). Now, the pyramid CDBE is equal 
to the pyramid G-DBE (VIIL 15). But the pyramid G-DBE 
is the same as the pyramid B-DOE, which has for its altitude 
the altitude of the frustum, and for its base a mean propor- 
tional between the bases of the frustum. 

Hence, the three portions into which the frustum has been 
divided are equal to three pyramids having a common alti- 
tude, which is the altitude of the frustum, and having for 
bases the two bases of the frustum and a mean proportional 
between them. 

2. The same is true for any frustum of a pyramid. 

Let Orhcde be a pyramid, 
and j4-J? CD a triangular one 
having an equivalent base 
and the same altitude. They 
are equal (VIIL 15.) If we 
cut sections from them at 
equal distances from their 
bases, by planes parallel to 
their bases, the sections will 
be equal in area ; hence, the 

portions cut off toward the vertices will be equal pyramids 
(VIIL 15) ; therefore the remaining frusta are equal. But 
the volume of the triangular frustum is equal to the volumes 
of three pyramids having for a common altitude the altitude 
of the frustum, and for bases the two bases of the frustum 
and a mean proportional between them. Hence, the same 
rule is true for the other. 
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Proposition 20. 

Theorem. — The area of the convex surface of a cylinder is 
equal to the circumference of the base multiplied hi/ its altitude; 
and its volume is equal to the area of the base multiplied by its 
altitude. 

Inscribe in the cylinder a prism whose base 
is a regular polygon. The area of the lateral 
surface of this is equal (VIII. 10) to the 
perimeter of the base multiplied by its alti- 
tude, and the volume is equal (VIII. 9) to the 
area of the base multiplied by the altitude. 
These being true whatever the number of sides, 
they are true when that number becomes in- 
finite. In that case the perimeter of the poly- 
gon coincides (VI. 10, Cor.) with the circum- 
ference of the base, and the prism with the cylinder. Hence 
the truth of the theorem. 

Scholium.- — If R = radius of the base of the cylinder ; H, 
its altitude ; S, its convex surface ; and F, its volume, then 
the theorem is expressed by the following formulse : 

S'-2nRxH; 
F=7ri2'xS 




Proposition 21. 

Theorem* — The area of the convex surface of a cone is equal 
to one half the product of the circumference of the base and the 
slant height; and its volume is equal'to one third the product of 
the area of the base and the altitude. 

Inscribe in the cone a pyramid whose base is a regular 
polygon. The area of the lateral surface of this is equal 
(VIII. 11) to one half the product of the perimeter of the 
base and slant height, and its volume is equal (VIII. 17) to 
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one third the product of the area of the base and the altitude. 
These being true whatever the number of the 
sides, they are true when that number be- 
comes infinite ; in which case the perimeter of 
the polygon coincides (VI. 10, Cor.) with the 
circumference of the base of the cone, and the 
prism with the cone. Hence the truth of the 
theorem. 

Scholium. — ^Let E = radius of base, ff= alti- 
tude, JT' = slant height, /S = convex surface, F= volume. 

Then, S=2nRx^H' ^27:Rx:^VWTW-'7rRVWTW% 
and F=jri2»xJJ3; 

CkyroUary 1. — The convex mrfdce of a cone is equal to the 
hypotenuse of the triangle which forms it, multiplied by the cir- 
conference of the circle described by its middle 
point. 

Let AB he the axis, JC the hypotenuse, 
D its middle point. Then (last Scholium), 

S=^iACx2nCB=ACx2niiCB)=ACx2nDE. 



Corollary 2. — A cone is one third of a cylinder on the same 
base and of the same aUitvde. 




Proposition 23. 

OTheorem. — The area of the convex surface of the frustum of 
a cone is equal to the sum of the circumferences of the two bases 
multiplied by one half the slant height ; and its volume is equal 
to the volume of three cones, wlwse common altitude is the aUi- 
tude of the frustum, and whose bases are the two bases of the 
frustum and a mean proportional between them. 

Inscribe in the frustum of the cone a frustum of a pyramid 
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whose bases are similar regular polygons. The area of the 

lateral surface of this is equal (VIII. 11, Sch.) 

to the sum of the perimeters of the two ends 

multiplied by one half the slant height ; and 

its volume is equal (VIII. 19) to the volume 

of three pyramids whose common altitude is 

the altitude of the frustum, and whose bases 

are tl^e two bases of the frustum and a mean 

proportional between them. These being true 

whatever the number of sides, they are true when that number 

becomes infinite. In that case the perimeters of the polygons 

coincide (VI. 10, Cor.) with the circumferences of the bases, 

the frustum of the pyramid with the frustum of the cone, and 

the three pyramids into which the frustum is divided with 

three cones. Hence the truth of the theorem. 

Scholium. — If JS, R be the radii of the bases of the frustum, 
H its altitude, H' its slant height, S its surface, and V its 
volume, then 

/S= (2:rJS + 27ri?)|ir = 7rHXR+R\ 

= j7rJT(i?+ir»+JSi?). 

CoroUary. — Tlie surface of a frustum is equal to the shrU 
height, multiplied by the circumference of a circle 
described by its middle point 

Let AB be a portion of the axis, CD the 
slant height, and F its middle point. j^/ 

Now (last scholium), 
JS=iCDx27:(AC+BD)=^CDx2ni{AC+BD) 

'-CDx2nFE. JT 
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. Propositioii 23. 

Theorem* — ITie surfaces of similar polyedrons are propor- 
tional to the squares of their homologous edges or of any homol- 
ogous lines, 

Polyedrons are similar when they are composed of the same 
number of similar fe-ces ; hence the whole surfaces are pro- 
portional to any two homologous feces ; but these faces are 
proportional to the squares of any two homologous sides; 
therefore the whole sur&ces are proportional to the squares 
of any two homologous edges, or of any lines proportional 
to them. 

Corollary 1. — The mrfmes of cylinders and cones are pro- 
portional to the squares of the radii of their bases or of their 
altitudes, 

CorcUary 2. — The surfaces of aU similar solids are propor- 
tional to the squares of their homologous lines, and their volumes 
to the cubes of their homologous lines. 

The last statement is evident from (VIII. 18, Cor. 3). 

Proposition 24, 
Theorem* — Only five regular polyedrons are possible. 

A regular polyedron is one whose faces are equal regular 
polygons. The angles constituting any solid angle must be 
less (VII. 20) than four right angles, and there must be at 
least three plane angles at every solid angle. 

The simplest regular polygon is the equilateral triangle. 
Three angles of an equilateral triangle will form an angle 
of a tetraedron ; four of an octaedron ; and five of an icosa- 
edron ; six would together be equal to four right angles, and 
would not form a solid angle. 

The regular polygon of four sides is the square. Three 
angles of a square would form an angle of a cube or hexae- 
dron; four would bo equal to four right angles. 
17 N 
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Three angles of a regular pentagon would form an angle 
of a dodecaedron ; four would be greater than four right angles. 

Figures of more than five sides cannot form regular polye- 
drons, for three angles of a hexagon would be equal, and of a 
heptagon, etc. greater than four right angles. 

The following gives the above in tabular form : 



Name. 


No. of faces. 


Name of face. 


Tetraedron 


4 
8 

20 
6 

12 


Equilateral Triangle. 
(( tt 

Square. 

Begular Pentagon. 


OctaedroD 


Icosaedron 


Hexaedron ,.,,.... 


Dodecaedron 



If the following figures be made on pasteboard, the lines cut 
half through, and the pieces doubled on each other, the reg- 
ular polyedrons will be formed : 




Hexaedron. 



Dodecaedron. 
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EXERCISES. 

1. Parallel sections of a prism are equal polygons. 

2. The diagonals of a parallelopiped bisect one another. 

3. Two square prisms are of equal altitude ; a side of the 
base of one is twice a side of the base of the other ; are they 
similar ? 

4. The cell of a honey-bee is a hexagonal prism; can a 
number of equal cells exactly fit into each other ? What is 
the lateral surface of a cell, each of whose sides is 1 inch long 
and ^ of an inch wide ? What is the lateral surfece of a 
square cell of the same length and same volume? 

6. The sum of the squares of the four diagonals of a paral- 
lelopiped is equal to the sum of the squares of its twelve 
edges. 

6. The volume of a right truncated* tri- 
angular prism is equal to the product of its 
base and one third the sum of its lateral 



Divide the solid into three pyramids, as in 
the case of the frustum of a pyramid. 




7. The lateral surface of a regular pyramid is greater than 
its base. 

8. If a cylinder be cut by a plane through an element, the 
section is a parallelogram. 

9. K a cone be cut by a plane through an element, the 
section is a triangle. 

10. If a cone or cylinder be cut by a plane parallel to the 
base, the section is a circle. 



* A truncated prism is one cut oflf by a plane oblique to the base. 
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11. Two similar cylinders are on circles 2 and 3 feet in 
diameter ; what is their relative magnitude? What is the rela- 
tive magnitude of similar cones on the same bases ? If the 
altitude of one cone be 10 feet, what is the altitude of the 
other? 

12. Suppose that two men be similar solids, one 5, the other 
6 feet high ; what are the relative amounts of cloth required 
to cover them ? What are their relative weights ? 

13. Two similar bottles have the diameters of their- bases 
in the proportion of 1 to 2 ; what is the ratio of their sur- 
faces ? of their contents ? 

14. A cone is cut in two by a plane parallel to the base 
through the middle point of the altitude ; what portion of 
the volume is cut off toward the vertex? 

15. A cylinder is bent around so as to form a circular ring ; 
if we know the inner diameter and thickness of the ring, 
deduce ft rule for finding its volume. 

16. To find the ratio of the volumes of two cylinders whose 
convex areas are equal. 

This and the following examples may best be worked out 
algebraically by using the formulae for volumes and areas. 

17. To find the ratio of the convex areaa of two cylinders 
whose volumes are equal. 

18. To find the ratio of the volumes of two cylinders gen^ 
erated by successively revolving a rectangle about its two 
adjacent sides. 

19. What is the convex surface and the volume of a cone, 
the section of which, through the axis, is an equilateral tri- 
angle, whose side is unity ? What is the value of this side, 
for the total surface to be a square metre? 

20. The square of the diagonal of a rectangular parallel- 
opiped is equal to the sum of the squares of its sides. 



BOOK IX. 

SPHEEES. 



DEFIJflTIOJ^S. 

1. A sphere is a solid generated by the revolution of a 
semicircle about its diameter. 

CaroUary. — The centre of the semicircle is aho the centre of 
the sphere; hence, any point on the surface is equally distant 
from the centre, 

2. The distance from the centre to the surface is called a 
radius, and a line through the centre terminating both ways 
in the surface is called a diBpineter. 

CkyreUary. — Every -diameter being equal to two radii, all 
diameters of a sphere are equal, 

3. It will be proved that every section of a sphere by a 
plane is a circle. K the plane pass through the centre of the 
sphere, the circle is called a great circle ; if not, a small 
circle. 

CaroUary* — The diameter of a great circle is also the diam- 
eter of the sphere; and the intersection of the planes of two 
great circles is a diameter of the sphere, for both planes pass 
through the centre. 

4. A line through the centre of a circle of a sphere perpen- 
dicular to its plane is called its axis : and the intersections of 

17* 197 
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this line with the spherical surfece are the poles of the 
circle. 

5. A spherical triangle is the space enclosed on the sur- 
face of a sphere by the arcs of three great circles, each arc 
being less than a semi-circumference. 

6. A spherical polygon is the space enclosed on the sur- 
face of a sphere by arcs of any number of great circles. 

7. A spherical angle is the angle between two tangents 
to the arcs of the great circles which form the angle, at the 
point where they meet. 

8. A spherical sector is a solid formed by the revolution 
of a circular sector about any radius of the circle. 

9. A spherical segment is the portion of a sphere cut 
off by a plane. 

10. A spherical zone is the surface of a sphere between 
i:wo parallel planes. Its altitude is the perpendicular dis- 
tance between the planes. 



11. A lune is the portion of the sur&oe of 
a sphere between the semi-circumferences of 
two great circles. 



12. Symmetrical spherical 
triangles or polygons are those 
formed by the arcs of the same 
great circles on opposite sides of 
the sphere. 
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Proposition 1. 

Theorem. — Every section of a sphere made by a plane is a 
circle. 

Let ABC be any section of a sphere made by a plane; it 
is a circle. 

Take D, the centre of the sphere, and draw (VII.' 10) DF 
perpendicular to the plane of ABC; 
also join D with any three points 
of the curve ABCy as G, B, C. 

From E, where DF meets the 
plane, draw EC, EB, EG. The 
angles DEC, DEB, DEG are right 
angles ; also DB, DC,DG are equal, 
because they are radii of the sphere, 
and DE is common to the triangles 
DEB, DEC, DEG. Therefore 
(I. 42, Cor. 3) EC, EB, EG are 

equal ; and the same is true of all lines drawn from E to the 
circumference ABC. Therefore ^-BC is a circle, and J^ is its 
centre. 

Corollary 1* — The pole of a circle is equality distant from all 
points in it. 

For if CF, GF be joined, we may prove in the triangles 
CEF, GEF that the chords CF, GF are equal. Hence the 
arcs CF, GF are equal, and the same may be proved of any 
arcs from F to ABC. 

CoroUary 2. — Any circle made by a plane parallel to ABC 
would have the sam^ aais and pole. 

Proposition 2. 
Theorem. — A pole of a great circle is at the distance of a 
quadrant from any point of tJie circle ; and, conversely, if arcs 
of two great circles between any point on the surfa^ie of a sphere 
and another great circle be quadrants, that point is the pole of the 
great circle. 
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Let ABC he Si great circle, DFE its axis, and D and E its 
poles ; then D and E are at the distance of a quadrant &om 
any point of ABC, 

Because DFE is the axis of 
ABC, it passes through (IX., 
Def. 4) its centre, and is at right 
angles to its plane ; and because 
ABC is a great circle, its centre 
is the centre of the sphere (IX., 
Def. 3, Cor.) ; hence DFC, EFC 
are right angles, and are mea- 
sured by the arcs DC and EC. 
Therefore DC and EC are quad- 
rants, and the same may be proved of any other arcs from D 
and £ to ABC. 

Conversely, if DC, DG be quadrants, D is the pole of ABC 
Find F, the centre of ABC; it will also be the centre of the 
sphere (IX., Def. 3, Cor.). Join CF, GF. Because DC, DG 
are quadrants, the angles DFC, DFG are right angles ; there- 
fore DF is at right angles to the plane ABC (VII. 4), at its 
middle point. It is therefore an axis, and D the pole of 
ABC (IX., Def. 4). 




Proposition 3. 

Problem. — To pass an arc of a great drde Hirough any two 
points on the sphere. 

Let A and B be two points on the 
surface of the sphere ; it is required 
to pass through them an arc of a 
great circle. 

With the centre A, and at a 
quadrant's distance from it, describe 
an arc of a great circle, EF\ with 
the centre B, and at a quadrant's 
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distance jfrom it, describe an arc of a great circle CD ; with 
the centre G, where these arcs cut, and at a quadrant's dis- 
tance from it, describe the arc of a great circle AB> O will 
evidently be the pole of AB. 

Scholium. — ^These arcs may be described on a spherical 
blackboard by a string and chalk, or a wire bent so as to fit 
the curvature of the sphere. 



Proposition 4. 

Theorem. — A spherical angle is measured by the arc of the 
great circle, oj which the angular point is the pole, intercepted 
between the arcs which form the angle. 

Let ABC be a spherical angle, and -4(7 an arc of the great 
circle, of which B is the pole ; A C measures the angle B. 

The angle ABC is the same as the angle FBE; FB, BE 
bemg tangents to AB and BC (IX., Def. 7). 
Because FB, BE are tangents, they are both 
at right angles to DB, the common radius ; 
and because B is the pole of the arc AC, 
BD is also at right angles to AD, DC m the 
plane ADC (IX., Def. 4) ; but AD and BF 
are in the same plane, as also CD and BE; 
they are therefore parallel, and the angle 
ADC is equal to the angle FBE (VII. 9). 
Hence ADC also represents the spherical 
angle ; but ADC is measured by the arc AC (V. 25, Sch.) ; 
therefore the spherical angle is measured by the arc A C. 

Ckyrollary, — A spherical angle w the inclination of the planes 
that form the angle. 

For ADC represents the angle between the planes ABO, 
CBG. 
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Propositioii 5. 

Theorem* — Any two sides of a spherical triangle are together 
greater than the third. 

Let ABC be a spherical triangle ; any two sides are together 
greater than the third. 

Take D, the centre of the sphere, and 
join DA, DB, DC. The angle ADB is 
measured (V. 25, Sch.) by^^, ADChj 
A C, and CDB by CB. But any two of 
the three angles which form the solid an- 
gle at D are greater (VII. 19) than the 
third. Hence any two of the arcs of the triangle are greater 
than the third. 

Scholivm. — ^The sides of spherical triangles, being all arcs 
of circles about the centre of the sphere, are measured in de- 
grees, minutes and seconds. 

Propositioii 6. 

TTieorenin — The shortest line on the surface of a sphere 
between two points is the arc of the great circle which joins 
them. 

Let A and B be two points on the surface /^^^^^^ 

of a sphere. The shortest line between a^^^^..,^^ ^\ 

them on that surface is the arc AB of a ^\\ ] 

great circle which joins them. For, take >y]/ 

any other course, as ACB; let C be any ^ 
point on ACB, and join (IX. 3) AC, BC hj arcs of great 
circles. Then 

(IX. 5) AB<AC+CB. 

In the same way it may be shown that A C<AD-\-DC, and so 
on. Hence, AB is less than the sum of AD, DC, etc. ; and 
if these points be taken near enough each other, their sum 
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may be made to differ from A CB by a distance less than any 
given distance. Therefore AB is less than A CB. 

Scholium, — The shortest line between two points on the 
earth directly east and west from each other is not on the 
parallel of latitude which joins them. The arc of a great 
circle deviates to the north of this parallel in the northern, 
and to the south in the southern hemisphere. The student 
may test this by stretching a string on a globe. 



Proposition 7. 

Theorem. — The sides and angles of symmetrical triangles 
are respectively equal. 

Let ^-BC be a spherical triangle ; produce the radii through 
its angles beyond the centre to meet the sphere in A'B' C"; then 
the sides and angles of ABC, A!B! C" are respectively equal. 

Because the angles ABB, A!DB! 
are equal (1. 17), the arcs AB, A'B 
which subtend them are equal. 
Similarly, ^C is equal to A' G\ 
and BC to B' C\ Also, because 
the three plane angles which make 
up the two opposite solid angles at 
D are equal, the planes of one have 
the same inclination (VII. 21) to 
each other as the planes of the 
other; but these inclinations represent (IX. 4, Cor.) the 
spherical angles of the two triangles ; therefore the sides and 
angles of ABC are respectively equal to the sides and angles 
of A' BO. 

Corollary. — Isosceles spherical triangles, which have the 
equal sides and included angle of each egual, are equal in all 
their parts. 

If we place the two triangles in last figure so as to have 
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one side, AQ common, they are still called sjmmetrical tri- 
angle^ but they cannot be applied to each other unless 
CB' = CA = OB ; that is, unless they are isosceles. The 
student may see this by constructing sym- 
metrical triangles on a spherical blackboard. 
Though equal, they cannot be placed on each 
other so as to fit, the order of arrangements 
of the parts being the reverse. 





Propositioii 8. 
Theorem. — Symmetrical triangles are equal in area. 

' Let ABC, A'BC be two sym- 
metrical triangles ; they are equal 
in area. 

Suppose a small circle of the 
sphere to be passed through the 
points A, B and C, and let P be 
its pole. Join P with 2>, the 
centre of the sphere, and produce 
it to meet the surface of the sphere 
in P' ; join (IX. 3) P with A, B, C, and P' with A\ B, C", 
by arcs of great circles. Now, because PA, PB, PC are 
equal (IX. 1, Cor. 2), and equal to P'A\ P'B, B C\ these 
latter are also equal to each other. Hence, the triangles 
PAB, P^A'B are isosceles, and they have the two sides and 
included^ angle of each equal ; hence they are equal (IX. 7, 
Cor.) in area. In the same way, PAC, P'A'C\ and also 
PBC, P'B'C'y are equal to each other; therefore the whole 
triangle ABC is equal to the whole triangle A'B C. In case 
P and P' fell without the triangles, we would add two tri- 
angles and subtract the third; the remainder would be the 
triangles ^5 C, A'BC. 
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Proposition 9. 

ThearefOf — If two triangles, on the same or equal sphereSf 
have three sides of one respectively equal to three sides of an- 
other, the triangles will be equal in all their parts. 

Let ABC, DEF be two triangles 
which have the sides of one re- 
spectively equal to the sides of the 
other; they are equal in all their 
parts. 

Let ABC be applied to DEF, or, 
if the order of arrangement of the 
parts be the reverse, to the symmetrical triangle DFO \ then, 
as in (I. 9), it may be proved equal to DEF or DFO, But 
DEF is equal to DFO (IX. 8). Hence, ABC \a equal in 
either case in all its parts to DEF, 

Proposition 10. 

Theorem. — If two triangles, on the sarfie or equal spheres, 
have two sides and the included angle of one respectively equal 
to the two sides and the included of another, they are equal in all 
their parts. 

Let ABC, DEF be two triangles, having BA, AC and the 
angle BA C of one respectively equal 
to ED, DF and the angle EDF of the 
other ; they will be equal in all their 
parts. 

Let ABC be applied to the tri-- 
angle DEF (or to the equal sym- 
metrical triangle DFO), as in (I. 4). 
The proof of the theorem will be pre- 
cisely as in the similar case of plane triangles. 

SchoHum. — The various Problems of Book I., from the 

18 
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Ist to the 14th inclusive, may be applied to spherical triangles, 
etc., as well as to plane, and proved in a similar manner ; all 
lines drawn must, however, be arcs of great circles. 

Proposition 11. 

Theorem. — In an isoscelea spherical triangle the angles op- 
posite to the equal sides are equal; and, conversely, if a triangle 
have two angles equal to each other the opposite sides are oho equal 

JjQiABC be an isosceles spherical triangle having ^^ equal 
to ^C; the angle ABC is also equal to the 
angle J. CB. 

Bisect the arc BC m D, and pass (IX. 3) 
from A to the middle of the base D an arc of 
a great circle. Then the two triangles ADB, 
ADCy having the three sides of one equal to the 
three sides of the other, are equal (IX. 9) in all 
their parts ; hence the angle ABD is equal to 
the angle A CD. 

Conversely, if the angle ABC be equal to the angle ACB, 
the side AB is equal to the side A C. For if ^4 C be not equal 
to AB, suppose that EC is equal to AB, Pass through B and 
E an arc of a great circle; then the triangles ABC, ECB 
have j4jI5,-BC and the included angle ABC, respectively equal 
to ECy CB and the included angle ECB. The triangles are 
therefore equal (IX. 10), which is impossible. Hence AC ia 
not unequal to AB ; that is, it is equal to it. 

Proposition 13. 

Theorem* — The greater angle of every spherical triangle has 
the greater side opposite to it ; and, conversely, the greater side 
has the greater angle opposite to it. 

JjetABC be a spherical triangle having the angle ACB 
greater than the angle -4-BC; AB is greater than^C 
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Make BCD=^DBC, then (IX. 11) DB = DC; hence 
AB^AD+DC. But (IX. 6) AD-^ DC ^ 

>AC; therefore ^-B>^G 

Conversely, if AB>ACf then ACB 
>ABC. It cannot be equal, because 
AB would be equal (IX. 11) to 10; 
nor less, for then AB would be less than 
AC, by this theorem; but these are 
both contrary to the hypothesis, hence 
ACB>ABa 



Proposition 13. 

Theorem^ — If the angular points of a spherical triangle be 
made the poles of the sides of another triangle, the angular points 
of the second triangle will be the poles of the sides of the first. 

Let ABC be a spherical triangle, and let A be the pole of 
EF, B the pole of DF, and C the pole of ED ; then will 2), £ 
and F be the poles of BC, AC and 
AB, respectively. 

Because A is the pole of EF, the 
great circle between A and £ is a 
quadrant (IX. 2), and because C is 

the pole of ED, the great circle be- \ \ ^<^^ 

tween C and j& is a quadrant; and 
the arcs of two great circles, drawn 
from E to two points of AC, are 
quadrants ; hence, E is the pole of 
A C (IX. 2). In the same manner it may be proved that D 
is the pole of BC, and F of AB. 

Definition. — ^Triangles such as the above are called polar 
triangles ; also supplemental triangles, from a property proved 
in the next proposition. 
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Proposition U. 

Theorem. — Any angle oj a spherical triangle is the supple^ 
ment * of the side opposite in the polar triangle. 

Let ABC be a spherical triangle, and DEF its polar tri- 
angle. The angles of ABC are supplements of the opposite 
Bides of DEF, and the angles oiDEF are supplements of the 
opposite sides of ABC. 

Produce, if necessary, the sides of 
ABC to meet the sides of DEF. Now, 
because -E is the pole of the src AC,EO 
is a quadrant ; and because D is the pole 
of J50, DH is a quadrant ; 

therefore EO + DJB"= a semicircle, 
or ED + OH^ a semicircle ; 

hence, OH is the supplement of ED ; ^ 

but OH measures the angle C (IX. 4) ; 

therefore DE is the supplement of C; and in the same way 

it may be proved that EF is the supplement of A, and DF 

otB. 

Also, because CO And AK are quadrants, 

A C+ 0K= a semicircle ; 

hence AC h the supplement of OK; but OK measures E; 
therefore AC la the supplement of E; similarly, £0 is the 
supplement of D, and AB of F. 

Corollary. — Any angle of a spherical triangle, together with 
the opposite side of its polar triangle, is equal to 180*^. 

* The supplemait of an arc or angle is what it differs from a semi- 
circle, or 180°. 
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Proposition 15. 

Theorem, — The three sides of a spherical triangle are together 
less than the circumference of a great circle. 

Let ABC be a spherical triangle; its 
three sides together are less than the cir- 
cumference of a circle. 

Take 2>, the centre of the sphere, and 
join DA, DB, DC. Then the angles 
which form the solid angle D are meas- 
ured (V. 25, Sch.) by the arcs which form the three sides of 
the triangle ; but these angles are together less (VII. 20) than 
four right angles ; therefore the arcs are together less than the 
circumference of a great circle. 

Scholium. — ^For the same reasons the sum of the sides of a 
spherical polygon of any number of sides, is less than the cir^ 
cumference of a great circle. 



Proposition 16. 

Theorem. — The sum of the angles of a spherical triangle 
is greater than two, and less than six right angles. 

For an angle of a triangle, together with the opposite side 
of the polar triangle, is equal to 180° (IX. 14, Cor.) ; hence, 
the three angles of any triangle and the three sides of the 
polar triangle are equal to 540°, or six right angles. But the 
sides of the polar triangle are together greater than 0°, and 
less than 360° (IX. 15). Hence, the angles of the triangle 
are less than 540°, or six right angles, and greater than 180°, 
or two right angles. 

CoroUary. — A q)herical triangle nmy have two or three 
right angles. 

18* 
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Proposition 17. 

Theorem. — IJ two spherical triangles, on the same or equal 
spheres, have three angles of one respectively equal to three angles 
of the other, the triangles mil be equal in all their parts. 

For, if the angles of one be equal to the angles of the 
other, the sides of their respective polar triangles shall be 
equal, each to each. Hence, the angles of the polar triangles 
shall be equal, each to each (IX. 9). . Therefore the sides of 
the original triangles shall be equal, each to each. Hence, 
the triangles are every way equal (IX. 9). 

Scholium* — ^This is different from the case of plane tri- 
angles, which are not mutually equilateral if mutually equi- 
angular. But it is only true for triangles on the same or equal 
spheres. Any two spherical triangles are not mutually equi- 
lateral if mutually equiangular. 



Proposition 18. 

Theorem, — The area of a spherical zone of one base is equal 
to the circumference of a great circle of the sphere multiplied by 
the altitiide of the zone. 

Let ABC be an arc of a circle which, 
by its revolution about AD, describes a 
spherical zone ; the area of the zone is 
equal to a circumference of a great circle 
of the sphere, multiplied by AD. 

Let AE, EF, etc., be equal lines in- 
scribed in the arc, of such a length that 
the last one, BC, will terminate at the 
extremity of the arc ; and suppose them 
to revolve about AD with the arc ; they 
will generate cones or frusta of cones. 
CD perpendicular to AD. 




Draw EH, FK, BO, 
From N, the middle point oi EF, 
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draw NL parallel to EH^ and draw NO to the centre, and 
from E, EM parallel to AD. 
Now, because EMF, NLO are similar (V. 7) triangles, 

(V.4), EF I EM 11 ON : NL :: 27tON : 2i:NL. 

Hence (V. 14), EF . 2nNL = EM(pv HK) 27:ON. 

But (VIII. 22, Cor.), EF. 27rJVZ = 8urf. EF; 

Burr. EF^27rONxHK 

In a similar manner it can be proved from (VIII. 21, Cor. 1), 

Surf. AE = 27r OE (or ON) x AH; 

also, surf. BF^ 2n ONx OK, 

and also of the others. Adding these. 

Surf (AE-i- EF-i- , etc.) = 2:r ON{AH^ HK+ , etc.) - 27:ON. AD. 

Now, suppose the number of inscribed sides to be infinitely 
increased ; they will coincide with the arc of the circle ; ON 
will become the radius of the circle, and 2?: ON the circumfer- 
ence of a great circle. Hence, 

Surf ABC'^ciic. great circle x^D. 

CaroUary 1. — The area of a spherical zone of two bases 
may be found by subtracting from each other, two zones of one 
base each. 

That is, surf FC= surf ABC- surf AF. 

CoroUary 2. — The areas of zones on the same or equal 
spheres are proportional to their altitudes. 

Proposition 19. 

Theorem. — The surface of a sphere is equal to a drcumfer' 
ence of a greut circle multiplied by its diameter. 

For a sphere may be considered as a zone generated by a 
semicircle. Hence, its altitude would be the diameter of the 
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semicircle or of the sphere. But the sur&ce of a zone is equal 
(IX. 18) to the circumference of a great circle multiplied by 
its altitude. Hence the theorem. 

CarcUary 1. — The surface of a sphere is equal to the areas 
of four great circles. 

Let jR = radius of sphere, and S « sur£su;e ; 

then (this Prop.), S = 27rJB x 2/2 = AnB" (VI. 12, Cor. 1). 

Corollary 2. — The surfaces of two unegwU spheres are pro- 
portional to the squares of their radii. 



For 



8: S' :: 47tR : 47rR'« :: E' : B!\ 



Proposition 20. 

TTieorem. — On the same or equal spheres the surfoiCes of lunes 
are proportional to their angles. 

Let ABCD, ADCE be two lunes (IX., Def. 11) ; their sur- 
faces are proportional to their angles DAB^ EAD. 

1. Suppose the arcs BD^ DE, which measure the angles 
of the lunes, to be commen- 
surable. 

Through the points of di- 
vision of BD, DE and through 
A and F suppose a number of 
planes to be passed. These 
planes will divide the surface 
of the lunes into equal trian- 
gles (IX. 9), and the angles of 
the lunes at jPinto the same num- 
ber of equal angles (III. 19). 

Hence, Surf. ABCD : surf. ADCE :: ang. DFB : aug. EFD. 

: : ang. DAB : ang. EAD. 
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2. If the arcs are incommensurable, the proof is the same 
as given in (V. 1). 

dyroOary 1. — Siiuie a sphere may be considered as a luiie 
of 360°, we have the proportion 

Surf, lune : surf sphere : : ang. of lune : four right angles. 

Corollary 2. — If L be the angle of the lune, 

then Surf of lune - TTT47r JS* = — ttI?. 

360 90 

Proposition 21. 

Theorem, — If two great circles be cut by a thirdy the two tri' 
angles formed are together equal to a lune contained by the first 
two circles. 

Let the two great circles AEBF, CEDF be cut by the 
circle CADB; the two triangles AEC, DEB are together 
equal to the lune EDFB (which 
we will call the lune E). 

The two triangles EAC, FDB 
have the angles E and jP equal, 
also FD = ECf because they are 
both supplements of ED (IX., Def 
3, Cor.), and FB^AE, because 
they are both supplements of EB. 
Hence (IX. 9) the triangles are 
equal. Add to each the triangle EDB, and AEC^EDB 
-lune£. 

Propositioii 23. 

Theorem* — The area of a spherical triangle is equal to one 
half the lune whose angle is the excess of the three angles oj the 
incngle over two right angles. 

Let ABC be a triangle ; its area is equal to 

I lune (^+£+(7-180°). 
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Complete the circle ABED, and produce AC, BC to meet 
it in £: and D. Then BD, AE 
are semicircles; and the two tri- 
angles A CB, DCE are equal (IX. 
21) to the lune C\ therefore 
Lune A + lune B + lune C — hem- 
isphere +2 J.^C; 
the triangle ABC being included 
three times in the first member of 
this equation. But a hemisphere 
may be considered as a lime whose angle is 180^. 

Hence 2ABC-^ lune ^ +lune J5+lune C- lune 180°, 

or ABG-'^ lune (^+£+ G- 180°). 

CwrcUary. — Since the area of the lune (J.+5+C-180) 

- (IX. 20, Cor. 2) ^ "^^ t?" "^^^° ^ ^-R'^ if we now make the 
^ ' ^ 360 

right angle the unit of angles, 

ABG'^^ 47rjB' 



-(^+S+C-2) 



4^ 

8- • 



The excess of the three angles of a triangle over two right 
angles is called the spherical excess, and the one eighth part of 
the surface of a sphere is called the tri-rectangular triangle, 
because it contains three right angles. Hence the area of a 
spherical triangle is equal to the spherical excess multiplied by 
the tri-rectangular triangle. 

Scholium.— To illustrate, suppose j1 = 200°, -8 = 80°, and 
C=170°,andi2-20, 

then ABCJ^^^^^^^2\200.^600.. 



H 
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Propositioii 23. 

ITiearem. — The solid generated by the revolution of an acute- 
angled triangle about a line through its vertex, not cutting the 
triangle, is equal to the surface described by its base multiplied 
by one third its altitude. 

Let ABC be an acute-angled triangle ; the solid generated 
by the revolution of ABC about AD is equal to the surface 
described by BC, multiplied by one third the altitude AE, 

1, Let one side, as AB, lie in the ^ 
axis AD. Draw CF perpendicular to 
AB. Then A CB by its revolution will 
generate two cones having a common 
base of which CF k the radius, and a^ ^Tb" 
altitudes AF, FB. Their volumes are 

(VIIL 21), iAFxTtCF' 

and ^FB x n CF^, and their sum is 

\AB>^T:CF^=^\7iCF >^ AB . CF. 
But^-B . CF represents (V. 16, Cor. 2) the double area of the 
triangle ABC, which is also represented by CB . AE; hence 
Yoh ABC=i7:CF,CB .AE^iAE.nCF.CB. BntnCF.CB 
is (VIIL 21, Cor. 1) the surfece generated by CB, and ^AE 
is one third the altitude. Hence the theorem. 

2. Let the line AB not be in the axis AD. Produce CB 
to F, Then from last case 

Vol.^CF=sur£ CFx^^AE; 
also Vol. ABF= surf BFx ^AE. ^^:^^^^Z-—^ 
Hence Vol. ABC= surf CB x ^AE, 

Proposition 24. 
Hiearem. — The volume of a sphere is equal to its, surface, 
multiplied by one third its radius. 

Let ABC he the semicircle which, by its revolution about 
A C, describes a sphere ; then Vol. ABC^mrf, ABC^^AD, 
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In the circle ABC inscribe a regular 
polygon of such a number of sides that the 
quadrant A G will be evenly divided by the 
angles E, J5, etc., and suppose this to revolve 
with the semicircle A C. Let AEy EB be 
sides of this polygon, and join ED, BD. q 
The sum of the solids- formed by the revo- 
lution of the various acute-angled triangles 
ADE, EDB, etc. about ^C will be 

(IX. 23), Vol. ^^D-surf AE^^DF, 

Vol. EDB = BUTf, EBx^DF, etc. etc. 

Adding all these, the sum of the volumes generated by all the 
triangles will be equal to the si^n of the sur&ces generated 
by the sides of the polygon, multiplied by one third the 
apothem. This being true whatever the number of sides, it 
is true when the polygon becomes a circle, when the volume 
will be the volume of the sphere, the surface, the surface of 
the sphere, and the apothem its radius. Hence the volume 
of a sphere is equal to its surface, multiplied by one third its 
radius. 

CoroUary 1. — If F- volume, /?*» radius, and 2> =the 
diameter, 

then (IX. 19, Cor. 1), F= 47ri2« x |12 = |7riP ; 
and since R = ^D, R^^^D^; 

hence F=i^Z>*. 

CkyroUary 2, — Spheres are to one another ow the cubes of 
their radiiy or a>s the cubes of their diameters. 

Scholium, — A similar demonstration 
will prove that the volume of a spherical 
sector is equal to the surface described 
by the arc multiplied by one third its 
radius. Its arc, AB, describes a zone 
which is equal (IX. 18) to 2nRxBC. 
of the sector is equal to ^tcR^xBG. 




Hence the volume 
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Proposition 25. 

Theorem. — The volume of a spherical segment of one hate is 
represented by t:A\R-^A), R being the radius of the sphere 
and A the oMtude of the segmenL 

Let AEB be revolved about BE; 
it will describe a spherical segment. 
Let AD = R, EB-A; then the vol- 
ume of the segment is i^AXR ~ ^A). 

For vol. AEB = vol ADB- vol 
AED. Vol. ADB bemg a spherical 
sector is equal (IX. 24, Sch.) to ^nR* . A ; and vol. AED being 
a cone is equal (VIIL 21) to nEA'x^ED; now, ED ^R- A 
B,nd AE^ == AD" - ED" ^R'-iR-Ay-^'IAR- A'; hence vol. 
AED - 7r(2^i2 - A'')i{R - ^) = i7:(2 AI^ - SA'R+ ^'). Sub- 
tracting this from the vol. ADB = lnR^A, and we have 
vol. AEB=i7rR'A - i7r(2^iP - SA'R+A') = tzU'R-^A') 
^nAXR-iA-). 

Scholium. — ^The volume of a 
spherical segment with two bases 
may be found by subtracting from 
each other, two of one base each. 

Thus, Vol. ^ CFG « vol. ^J5;G-vo1. CEF. 




Proposltioii 26. 

Theorem. — The surface of a sphere is to the surface of d 
circumscribing cylinder as 2 is to 3; and their volumes bear the 
same ratio to each other.* 



* This property was discovered by Archimedes, and the figure was en- 
graved on his tomb; where it was discovered by Cicero when quaestor 
in Sicily. 
19 
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Let ABCD be a sphere, and EFOH a circumscribing cyl- 
inder, then 

Surf. ABCD : surf. EFOH: : 2 : 3, 
Vol. ABCD : vol. EFOH: : 2 : 3. 

The surface of the sphere is 
equal (IX. 19, Cor. 1) to 47ri2», 
R being the radius of the sphere. 
The convex surfece of the cylin- 
der is (VIII. 20) 2nB X 2jR = 4tjR^ 
and the area of the two ends 
(VI. 12, Cor. 1) is 27ri^»; hence 
the whole surface of the cylinder 
is QnE". 
Hence, Surf. ABCD : surf. EFOH : : AnB!' : 6itR* : : 2 : 3. 

Also the volume ABCD is (IX. 24, Cor. 1) triP, and the 
volume EFOH is (VIII. 20) 7:E'x2B = 2nIP. 

Hence, Vol. ABCD : vol. EFOH : : ^Tri? : 2:ri? : : 2 : 3. 




EXERCISES. 

1. Circles made by planes equidistant from the centre of the 
sphere are equal. 

2. The intersection of two spheres is a circle, whose centre 
is in a line joining the centres of the spheres. 

3. If from the ends of one side of a spherical triangle arcs 
bf great circles be drawn to a point widiin the triangle, these 
two arcs shall be less than the other sides of the triangle. 

4. In a tri-rectangular triangle each angle is the pole of the 
opposite side. 

5. To draw a tangent plane to a sphere at a given point on 
the surface. 



OEOMETRY.—BOOK IX. 219 

6. If a cone and a sphere be inscribed in a cylinder, their 
volumes are as 1, 2, and 3. 

7. The volume of a sphere is to the volume of the inscribed 

2 

cube as is TT to — =. 
1/3 

8. The surface of an inscribed cube is equal to eight times 
the square of the radius of the sphere. 

9. Draw on a spherical blackboard the polar triangle of a 
triangle with a right angle ; with two right angles ; with three 
right angles ; with two obtuse angles. 

10. A sphere may be inscribed in a regular polyedron. 

11. The volume of a regular polyedron is equal to its sur- 
fece multiplied by one third the radius of the inscribed sphere. 

12. Compare the convex surfaces of a sphere and the cir- 
cumscribed cylinder and cone, the cone having an angle of 
eO"* at the vertex. 

13. Compare the volumes of a sphere and its circumscribed 
cube, cylinder and cone, the cone having an angle of 60° at 
the vertex. 

14. A square prism is inscribed in the cylinder of (IX. 26). 
Compare the volumes of sphere and prism. 

15. Knowing the radii of two parallel sections of a sphere, 
and their distance from each other, to find the radius of the 
sphere. 

16. If from a point in space we draw secants to a given 
sphere, the product of the distances from this point to the two 
points of intersection of each secant, with the sphere, is con- 
stant 
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SECTION L 

1. To find the volume of a prism. 

MvMply the area of the base by the aUiiuie. (VIII. 9.) 

2. To find the surface of a prism. 

Multiply the perimeter of iJie base by the altitude, and add 
the areas of the two ends. (VIII. 10.) 

3. To find the volume of a pyramid. 

MvMiply the area of the base by one third (he altitude, 
(Vm. 17.) 

4. To find the surface of a pyramid. 

MvMply the perimeter of the base by one half the slant height, 
and add the area of the base. (VIII. 11.) 

5. To find the volume of a frustum of a pyramid. 

Add together the areas of the two ends and a mean propor- 
tional between them ; multiply the sum by one third the altitude. 
(VIII. 19.) 

^ 6. To find the surface of a frustum of a pyramid. 

Add together the perimeters of the two ends; multiply the 
sum by one half the slant height; to this add the areas of the 
ends. (VIII. 11, Sch.) 

7. To find the volume of a cylinder. 

Multiply the area of the base by the altitude. (VIII. 20.) 
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8. To find the surfe-ce of a cylinder. 

MvMiply the perimeter of the hose by the altitude, and add 
the areas of the two ends. (VIII. 20.) 

9. To find the volume of a cone. 

Multiply the area of the base by one third the altitude. (VIII. 
21.) 

10. To find the surface of a cone. 

Multiply the perimeter of the base by one half the slant height, 
and add the area of tJie base. (VIII. 21.) 

11. To find the volume of a frustum of a cone. 

Add together the squares of the radii of the ends and their 
produety and muUiply the sum by t:, and by one third the altitude 
of the frustum. (VIII. 22, Sch.) 

12. To find the surface of a frustum of a cone. 

Add together the radii of the two ends, and multiply the sum 
by TT and by the slant height ; to this add the areas of the ends. 
(Vm. 22, Sch.) 

13. To find the surface of a regular polyedron. 

I. Multiply the area of one of the faces by the number of 
faces. 

II. MuUiply the square of one of the edges by the surface of a 
simUar polyedron whose edge is unity. (VIII. 23.) 

14. To find the volume of a regular polyedron. 

I. Multiply the surface by one sixth ilie perpendicular dis- 
tance between the opposite faces, if the faces be opposite; if not, 
by one third the radius of the inscribed sphere.* 

II. Multiply the cube of one of ihe edges by the volume of a 
similar polyedron whose edge is unity. (VIII. 18, Cor. 3.) 

* This rule is proved by supposing the polyedron to be made up of 
pyramids whose common vertex is at the centre, and whose bases are 
the faces of the polyedron. 
19* 
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Table of Regular Polyedrons whose Edges 
ARE Unity. 



Name. 


No. of 
faces. 


Shape of face. 


Surface. 


Volume. 


Tetraedron 

Hezaedron (cube). 
Octaedron 


4 
6 
8 

12 
20 


Equilateral triangle. 
Square 


1.732051 
6.000000 
3.464102 
20.645729 
8.660254 


0.117851 
1.000000 
0.471404 
7.663119 
2.181695 


Equilateral triangle. 
Regular pentagon.... 
Equilateral triangle. 


Dodecaedron 

Icosaedron 





15. To find the surface of a sphere. 

I. MuUiply the circumference of a great circle by Ua diameter, 
(IX. 19.) 

II. Multiply the square of the radius by An, (IX. 19, Cor. 1.) 

16. To find the volume of a sphere. 

I. Multiply its surface by one third the radius, (IX. 24.) 

II. Multiply the cube of the radius by ^tt. (IX. 24, Cor. 1.) 

III. MuUiply the cube of the diameter by \tz. (IX. 24, Cor. 1.) 

17. To find the surface of a spherical zone. 

Multiply the altitude of the zone by the circumference of a 
great circle of the sphere. (IX. 18.) 

18. To find the volume of a spherical segment of one base. 
Apply the formula F= i^A\Ii - \A) ; • 

B being the radius of the sphere, and A the altitude of the 
segment. (IX. 25.) 

19. To find the volume of a spherical segment of two bases. 
Subtract the volumes of two spherical segments of one base. 

(IX. 25, Sch.) 

20. To find the volume of a spherical sector. 

MvMiply the surface of the zone which forms its base, by one 
third the radius of the sphere, (IX. 24, Sch.) 
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21. To find the surface of a cylindrical ring.* 

Add the thickness of the ring to the inner diameter ; multiply 
this by the thickness of the ring and by n\ 

22. To find the volume of a cylindrical ring. 

Add the thickness of the ring to the inner diameter ; multiply 
the sum by the square of one half the thickness and by :r'.f 

23. To find the volume of an irregular solid. 

Immerse the solid in watery and measure the rise of the water. 
If now we know (he size of the vessel, we may calcuUate the volume 
of displaced watery and consequently the volume of the solid^X 



EXAMPLES. 



1. What is the lateral surface of a hexagonal prism, each of the sides 
of its base being 2 feet and its altitude 8 feet? Am, 96 sq. ft. 

2. What are the volume and lateral sur&ce of a cylinder circumscrib- 
ing the prism of last example? Ans, 32^ ; 327r. 

3. The pyramid of Cheops is 764 feet square at the base and 480 feet 
in perpendicular height. What is its volume? Ans, 93391360 cu. ft. 

4. If the pyramid of last example were cut off by a plane parallel to 
its base at a distance of 320 feet from the ground, what would be the 
volume of the upper portion? Aub, ^ of the whole. 

* A cylindrical ring is formed by bending a cylinder so that its axis 
is a circle. If iS be the inner radius of the ring, and r the radius of the 
cylinder, the length of the axis is 27r(iJ+r), and this, multiplied by the 
perimeter of the cylinder, 27rr, wiU be the surface, or, 

5'=27r(iJ+r) x27rr = 7r2(2i2+2r)2r, which agrees with the rule, 
t F=27r(i2+r)x7rr» = 7r«(254-2r)r». 

X This is only an approximate value, on account of the porosity of 
most solids. 
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5. A conical tent is 10 feet in diameter at the base and 10 feet high. 
How many square feet of canvas are required to cover it ? 

Jrw. 175.614 +. 

6. A square prism is inscribed in a cylinder whose radius is 6 feet and 
length 10 feet ; what is its volume ? Ans. 720. 

The diameter of the cylinder multiplied by the radius will be the 
area of the base of the prism. 

7. A tin vessel containing a liquid quart is cylindrical, 4 inches in 
diameter ; what is its height? How much tin is required to make it? 

Ans. 4} nearly; 69.12. 

8. A square pyramid 2 feet in altitude has its base inscribed in a 
circle 1 foot in radius. What would be the volume of a similar pyramid 
whose base was inscribed in a circle of 9 times the area ? 

Ans. 36 cu. ft. 

9. A cylindrical log is 20 feet long and 2 feet in radius ; how many 
square feet of inch boards can be cut from it, allowing \ for slabs and 
waste in sawing? Ans. 2261.952. 

10. Bunker Hill Monument is 220 feet high, 30 feet square at the 
base and 15 feet at the top. Through it runs a circular opening 15 feet 
in diameter at the base and 11 feet at the top. How many cubic feet of 
masonry does it contain ? Ans. 86068 + . 

11. A cubic foot of copper is drawn out into a wire -ji^ of an inch in 
diameter. What is the length of the wire ? Ans. about 10 miles. 

12. An iron pipe is 3 inches in bore, i inch thick, and 20 feet long* 
Find its weight, supposing that a cubic inch of iron weighs 4.526 oz. 

Ans. 373 lbs. 

13. A square iron rod an inch thick weighs 10} lbs. Find the weight 
of a round iron rod of the same length and thickness. Ans. 8.2467 lbs. 

14. The height of a cylinder is to be 10 times the radius of the base^ 
and the volume is to be 25 cubic feet. Find the radius. Ans. .927 feet. 

15. The volume of a cone is 22} cubic feet, and the circumference of 
the base is 9 feet ; find the height. Ans. 10.47 feeU 

16. The shaft of Pompey's Pillar is a single block of granite 90 feet 
high ; the diameter of one end is 9 feet,- and of the other end 7} feeL 
Find the volume. Am. 4824.24 cu. ft. 



MENSURATION OF SOLIDS. 225 

17. Every edge of a pyramid on a square base is one foot What is 

1/2 
its volume ? Ana. — cu. ft. 

18. A vessel with a lid in the form of a right cylinder holds 3141.6 
cubic inches. Find the area of the internal surface if the height be 
equal to the radius of the base. Am. 1256.64 sq. in. 

19. What is the largest cube that can be cut from a sphere 10 feet in 

^. « A 8000 

radius? Arts. - — -. 

3i/3 

20. A ball weighing 20 lbs. is 3 inches in diameter. What is the 
weight of a ball 5 inches in diameter ? Ana. 92.59 lbs. 

21. A sphere has a radius of 6 feet What are its volume and sur^ 
fece? Ana.2SSn; 1447r. 

22. Find how many times the volume of the earth exceeds the vol- 
ume of the moon, the former being supposed 7900 miles in diameter, and 
the latter 2160. Ana. Nearly 49. 

23. A tent is made in the form of a frustum of a cone surmounted by 
a cone. The diameters of the ends of the frustum are 28 and 16 feet^ 
the height of the frustum 8 feet, and the whole height of the tent 14 feet 
How many square yards of canvas are required to cover it? 

Ana. 105, nearly. 

24. How far from the centre of a sphere 6 feet in diameter muet two 
parallel planes be passed to divide it into 3 zones of equal convex sur- 
face? An^. 1 foot. 

25. Find the weight of a shell 3} inches thick, the external diameter 
of which isL 1 foot 5} inches, composed of metal a cubic foot of which 
weighs 480 lbs. Ana. 611.13 lbs. 

26. A sphere is inscribed in a cylinder touching its circumference and 
ends. A cone is constructed on the same base and of the same altitude 
as the cylinder. Compare the volumes of the three solids. 

Ans, Vol. cone : sphere : cylinder : : 1 : 2 : 3. 

27. The •altitude of either Frigid Zone is 327 miles. Temperate 2054 
miles. Torrid 3150 miles. What is the surface of each? Diameter of 
the earth = 7912. C Frigid, 8,128,252 sq. miles. 

Ana. } Temperate, 51,056,587 " " 
(Torrid, 78,293,218 " " 

28. How far above the earth must a person ascend to see one third its 
eor&oe ? Ana. Diameter of the earth. 

P 
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SECTION IL 

1. To find the volume of a wedge. 

If the length of the back of a wedge be equal to the length 
of an edge, the wedge may be considered as a triangular 
prism, and its volume calculated as in that case. If they are 
not equal, it may be found by the following rule : 

Add tvri'Ce the length of the hose to the length of the edge; 
multiply the mm by one sixth the product of the breadth of the 
base and the altitude. 

Demonstration. — Let ABCD 

be the base of a wedge, EF its 
edge, and FO its altitude. Let 
AB^L, AD-^B, FG^h, and 

Pass a plane through F, parallel 
to EADy cutting the wedge into two 
portions. One portion, EAD~K, 

is "a prism whose volume is \B xhxl. The other is a pyramid, 
F-HKCB, whose volume is \B(L''r}h. Therefore the 
whole volume is iBhl-^^B(L-l)h=iBh(2L-\-r). 

2. To find the volume of a redangvlar prismoid. 

A rectangular prismoid is the frustum of a rectangular 
pyramid. Its volume may be found by the rule for the 
frustum of a pyramid, but the following rule is more conve- 
nient and capable of extended application : 

c 

Add together the areas of the two ends and four times the 
area of a parallel section midway between them, and multiply 
the sum by one sixth the altitude. 

Demonstration. — Let B and b represent the breadth of 
the two ends, L and I their lengths, n and m the breadth and 
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length of the middle section, and h the altitude of the 
prismoid. 

Divide it into two wedges by a 
plane through the opposite edges of 
the upper and lower base. The vol- 
umes of these wedges are 

\hB{2L^l) and \hb{2UL). 





Adding these, we obtain for the vol- 
ume of the firustum 

\h(2BL+BU2bUbL). 

But 2m«i+/, and 2»-5+6; 

hence, 4mn^BL+Bl-\^bL+bL 

- Put 4mn in place of its value in the preceding expression, 
and it becomes 

Volume of prismoid = ih(BL + 4mn + bl). 

CkyrcUary. — Since the. volumes of all frustums of pyramids 
and cones having equal bases and altitudes are equal, and 
moreover, since all parallel sections at equal distances from 
the bases are equal, it follows that the above expression for 
the volume of a rectangular prismoid is applicable to any 
prismoid whatever, whether the section be round or polygonaL 
It may also be shown by higher analysis that it is true for the 
sphere, spheroid, cone, cylinder, pyramid and many others, 
with zones and segments of them. It is called the pritmoidal 
formula^ and has many practical applications. 

3. To calculate the volume of a railroad excavation or em- 
bankment 

Suppose the embankment to be divided, by transverse ver- 
tical planes, into solids ; these, if the planes be made sufficiently 
close together, may be regarded as prismoids. The horizontal 
distance between the cutting planes is the altitude of the 
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prismoid. The bases are trapezoids, for the embankment most 
be wider at the bottom than the top, and the excavation the 




/EA. 



reverse. The depth of the section in the middle of each pris- 
moid is the mean depth of the two end sections, and its breadth 
is determined by the slope of the embankment For instance, 
take the prismoid OF, Its altitude \a AC, The end base? 
are the trapezoids AF and CH. The midway section has one 
side, ahf equal to AB; the depth, ae, 
equal to ^(BG+DK), and the other 
side, edy determined by the slope of ae 
and bd. If that slope be 1 vertical 
to 1^ horizontal, then ee =« l^ae, and 

The section LF has one base equal to zero. 
We must apply the prismoidal formula to each prismoid 
and add the results. 

4. Instead of working each prismoid separately, we may, 
if all the sections be equidistant, develop a formula more 
simple of application. 

Let AB represent the sur- 
face of the excavation, and CD 
the line of the road. Suppose 
the fiill lines to represent the 

equidistant sections, and the dotted lines the middle sections 
of the prismoids. Let Si represent the section AC, 8^ the see- 
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tion KLy and so on, and S^ the last section, BD ; ako let CL 
be represented by l. 

Then, according to the prismoidal formula, 

21 
Prismoid AF= —(/Si + 48^ +/&), 
6 • 

21 
and Prismoid ER=^ —(5, + 45* + /Sj), etc. etc. 

6 

Adding all these, we have for the contents of the whole 
excavation, the expression 

Hence the following rule : 

" Divide the length of the cutting into an even number of equal 
partSy and find the areas of the transverse sections at the points 
of division. 

''Add togeUier the areas of (he ^extreme sections, twice the sum 
of the areas of all intermediate sections of an odd order, and 
four times the areas of all intermediate sections of an even order, 
and multiply by one third tlie distance between two consecutive 
sections." 

On account of the irregularity of the ground, neither of 
these rules will give precisely correct results. The nearer we 
take the sections to* each other, the more accurate the result 
will be. 

5. Gauging of Casks. — ^In order to calculate the capacity 
of a cask, it is necessary to know the following internal di- 
mensions : 

2R = the diameter at the bung, 
2r = the diameter at the head, 
I = the length of the cask. 
20 
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I. Let AB be an arc of a circle. 
Apply the prismoidal formula, and 
the capacity of the cask 

= 7=|(7rr*+47ri?^+^r*) 
6 

II. It has been found by an examination of a great number 
of casks that the curvature is confined to the middle third of 
the length, and is an arc of a parabola, while the end thirds 
are frustums of cones. The investigation is too abstruse for 
insertion here, but the following formula has been de'duced, 
and is found to give correct results in most cases: 

F=^(39jR'+26Ur+25r0, 

or, in case we use diameters, the formula is 

7= -^(39i>» + 26i)d + 25eP), 



D and d being the bung and head diameters, 
as Hution's Rule. • 



This is known 



6. LuMBEB AND LoG MEASURE. — Sawed boards are mea- 
sured by the square feet of flat surface, supposing the boards 
to be one inch thick. Thus, a board 12 feet long, 1 feet wide, 
and 1 inch thick, would contain 12 feet. A board 12 feet long, 
1 foot wide, and 2 inches thick, would contain 24 feet. A board 
12 feet long, 1^ feet wide, and 1^ 
inches thick, would contain 27 feet. 

It is frequently required to ascer- 
tain the number of feet of boards 
which may be obtained from a given 
log. The slabs, AFB, etc., are con- 
sidered worthless ; the remaining rect- 
angle, AEj is supposed capable of 
making boards without any loss from 
sawing. Thus, if AE were the end 




MENSURATION OF SOLIDS. 231 

of a log 12 feet long, and AB, A C were each 1 foot, the log 
would be considered as able to make 144 feet of boards. 

If AE be a square, its area is equal to the product of CB 
and AD. This product multiplied by the length will give the 
cubical contents of the squared log ; and this multiplied by 
12 will give the feet of boards. It is most convenient to mea- 
sure the diameter in inches and the length in feet. I^ this 
case the result must be divided by 144 to obtain the cubical 
feet. But as this must be afterward multiplied by 12 to re- 
duce it to board measure, the two operations may be con- 
densed by simply dividing by 12. Hence the following rule : 

MvUiply the diameter in inches by Jialf the diameter in inches, 
and the produet by the length in feet, and divide by 12, The 
result vdU be the feet of boards. 

If the log taper, the mean diameter is taken. The bark 
must be removed before measuring it. 

The following rule, which is evidently an approximation, 
is given as producing the most satisfactory results : 

Add together the two extreme diameters in inches, and divide 
by 2 for the mean diameter. Subtract one third for the side of 
ihe square the log will make when hewn. Square the side thus 
obtained, and multiply the remit by the length of the log in feet. 
Divide by 144. The quotient tvHl be the cubical contents in feet 
and twelfths of afoot. 

This rule gives less than the preceding, and, as trees do not 
grow exactly round or .regular, is probably, as a general rule, 
more accurate. 
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E^ 




EXAMPLES. 

1. The base of a wedge is 8 inches by 2, the edge 6 inches, the altitude 
10 inches. What is the volume ? A-m. 73J. 

2. A level road 10 feet wide is to be laid out from il to ^ ; it is re- 
quired to know whether 
the cuttings will fill the 
embankment, the slope 
being IJ horizontal to 1 
vertical. The sections were 
taken 50 feet apart, hori* 
zontal measurement, and ^ 
the levelling showed the following results : 

C above -4, 20 feet. 
D above -4, 28 feet. 
E above A, 24 feet. 
F above A^ 18 feet. 



K 



O above -4, feet. 
ITbelow Ay 16 feet. 
-K" below ^,30 feet. 
L below A, 42 feet 



Vol. of cutting 



I 



-^(i^i+4/Si+2^+4S4+aSiH 
50,. 



S,) 



= -_-(0 + 3200+2912+4416+1332+0) 
o 

= 197666.67 cu. ft. 

Vol. of embank.-4('^i + 4'Si+2^+4Si+-Si) 
o 

= !%+ 2176+3300+12264+0) 
o 

= 295666.67 cu. ft. 

3. The staves of a cask are in the form of an arc of a circle. The 
bung diameter is 3 feet, the head diameter 2} feet^ and the length 4 feet 
How many gallons will it contain ? 

7=j7r/(rH 22?) =f4(ff + f) = 25.3946 cu. ft. = 189.95 gals, 
o 

4. What would be the capacity of the cask by Hutton^s Buhf 



F=~^(39/)H 26Z)d+25d«) = 



90 



(361 + 195 + 156.25) = 24.5045 cu. ft. 
183.29 gals. 

5. How many cubic feet and how many feet of boards in a squared 
log. 20 feet long, which when round measured 24 inches in diameter at 
one end and 18 at the other, by the two rules ? 

1st rule, Cu. ft., 30.625 ; ft. boards, 367.5. 
2d rule, * Cu. ft., 27.222; ft. boards, 326.664. 
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SECTION I. 



A 



B 



SIHMETBT. 

I. With respect to an axis. 

Two points are symmetrical with 
respect to a line, when the line joining 
them is bisected at right angles by the 
given line ; thus, A and B are symmet- 
rical with respect to the line OF when 
AB is bisected at right angles by OP. 

The line OP is called the axis of 
symmetry. 

Two lines, surfaces or solids are sym- 
metrical with respect to a line, when 
any point in one has a symmetrical 
point in the other. 

The following propositions are easily 
deduced. The student should prove them : 

1. K one of two symmetrical -lines intersect the axis of 
symmetry, the other intersects it in the same point. 

2. They make equal angles with it. 

20 * 233 
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3. If two points of a straight line be symmetrical with two 
points of another, the lines are symmetrical throughout. 

4. If one line be concave, or convex to the axis of sym- 
metry, the other is also concave or convex. 

6. Any diameter of a circle is an axis of symmetry. 

6. A line through the opposite angles of a regular polygon 
of an even number of sides is an axis of symmetry, 

7. A line through an angle, and the middle point of the 
opposite side of a regular polygon of an odd number of sides 
is an axis of symmetry. 

8. Two symmetrical polygons are 
equal. Because every point of one has 
a symmetrical point in the other, either 
may be revolved about the axis until it 
coincides with the other; the corre- 
sponding symmetrical lines are homol- 
ogous. 

9. Any diameter of a sphere is an axis of symmetry. 

10. The axis of a cylinder or cone is an axis of symmetry. 

11. A diagonal of a rhomboid is not an axis of symmetry. 

Note. — Let the student take various surfeces and solids (such as books 
and houses), and determine the various axes, centres and planes of 
symmetry. 




II. With respect to a centre. 

Two points are symmetrical with respect to another point 
when the line joining them is bisected at this point. 

If AO = BOf then A aiid B are sym- 
metrical with respect to 0» is called a 
centre of ssrmmetry. 



A 



O 
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Two lines, surfaces or solids are symmetrical with respect to 
a centre, when any point of one has a sym- 
metrical point in the other. 

The following propositions may be de- 
duced: 

1. If one of two symmetrical lines pass 
through the centre of symmetry, the other 
will also. 

2. If two points of a straight line be 
symmetrical with two points of another, the 

lines are symmetrical throughout, and the portions betweep 
two pairs of symmetrical points are equal. 

3. A centre of a circle or of a reg- 
ular polygon of an even number of 
sides is a centre of symmetry. 

4. Two symmetrical polygons are 
equal ; one of them may be revolved 
about the centre until it coincides 
with the other. 

5. If a figure be symmetrical with respect to two axes 
cutting each other at right angles, it is symmetrical with 
respect to their intersection as a centre. 

Let ABDEFO be a polygon, 
symmetrical with respect to OP^ 
CP' ; it is symmetrical with re- 
spect to C. 

Take any point H* join HC; 
produce it to K; draw KL, HL 
parallel to the axes. The student 
should fill up the proof of the 
following steps: KL and HL 
will meet in a side of the poly- 
gon. The two triangles HMC, CNK will have HM, MC and 
HMG equal to CN, NK and CNK; therefore HG= CK, and 
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the same being true of any points, the polygon is symmetrical 
with respect to the centre C 

6. Two symmetrical die- 
dral angles are equivalent. 

7. Two symmetrical solid 
angles are equivalent. 

8. Two symmetrical poly- 
edrons are equivalent, for 
their faces are symmetri- 
cal, and therefore equivalent. 

9. The intersection of the diagonals of a paraUelopiped is a 
centre of symmetry. 

10. The centre of a sphere is a centre of symmetry. 

11. A cone or pyramid has no centre of symmetry. 

III. With respect to a plane. 

Two points are symmetrical with respect to a plane when 
the plane bisects at right angles the line joining them. 
. The plane is called the plane of symmetry. 

Two lines, surfaces or solids are symmetrical with respect to 
a plane when any point in one has a symmetrical point in the 
other. 

The following propositions may be deduced : 

1. Two symmetrical finite lines are equal 

2. If one line intersect the plane of 
symmetry in a point, the other will in 
the same point, and make an equal 
angle with it. 

3. Two symmetrical planes make 
equal angles with the plane of sym- 
metry, and intersect it in the same line. 
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4. Symmetrical triangular pyramids are equiyaleiit^ 
Take the plane of the base as the 

plane of symmetry ; hence the two pyra- 
mids will have the same base and equal 
altitudes. 

5. Symmetrical polyedrons are equiv- 
alent. 

Take two symmetrical points within 
the polyedrons. Decompose the poly- 
edrons into triangular pyramids, of which these symmetrical 
points are the common vertices. The triangular pyramids 
will be symmetrical, two and two, and therefore equivalent. 
Hence the whole polyedrons will be equivalent. 

6. Any plane of a great circle is a plane of symmetry of the 
sphere. 

7. There are nine planes of symmetry of the cube. 

8. If a figure have two planes of symmetry at right angles 
to eadi other, their intersection is an axis of symmetry. 

9. If a figure have three planes of symmetry at right angles 
to each other, their intersection is a centre of symmetry. 

10. How many planes of symmetry in the Capitol at Wash- 
ington? 



SECTION II. 
LOCI. 

A locus is the line or surface containing all points having 
a common property. 

The idea of loci may best be obtained by examples : 
1. What is the locus of a point in a plane at a given dis- 
tance from another point? 
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The common property here is, that all positions of the point 
are at the same distance from a fixed point. It is evident 
they must lie in the circumference of a circle. Hence this 
circumference is the required locus. 

2. Find the locus of a point in a plane at a given distance 
from a straight line. Parallel line. 

3. Locus of a point in space at a given distance from 
another point. Surface of a sphere. 

4. Locus of a point in space at a given distance from a 
straight line. Surface of a cylinder. 

6. Locus of a centre of a circle which passes through two 
given points. 

From (III. 1) all circles passing through these points must 
have their centres in a perpendicular to the line joining the 
points at its middle point. Hence the required locus is this 
straight line. 

6. Locus of the centre of a circle which is tangent to two 
given lines. 

Line bisecting the angle formed by the given lines. 

7. Locus of the centre of a circle passing through a given 
point and having a given radius. Circle with given point as 
centre. 

8. Locus of a point which divides the 
chords of a circle so as to make the rect- 
angle of the segments a given quantity. 

Let DE be a chord, and DB.BE &^ 
given rectangle. Draw AC so that it 
will be bisected at B ; then (V. 26) DB. 
BE = AB", If ^ C be placed in different 
positions in the circle, all chords through its middle point will be 
divided so as to make the rectangle of the segments equal to 
DB.BE» Hence the locus is a circumference with radius FB, 
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9. Locus of point which is equally distant from two given 
points. 

A plane perpendicular to line joining the points^ through 
its middle point. 

10. Locus of point which is equally distant from two given 
straight lines in same plane. Plane between the lines. 

11. Locus of middle point of a line joining two perpendicular 
but non-intersecting lines. Parallel plane between the lines. ^ 

12. Locus of point at a distance a from a point A, and a 
distance b from point B. 

Circle which is the intersection of two spheres. 



SECTION III. 
MAXIMA AND MINIMA. 

DEFIJflTIOJfS. 

1. Op all quantities of the same kind that which is greatest 
is the mazimuin, and that which is least is the minimuin. 

2. Figures which have equal perimeters are said to be iso- 
perimetric. 



Proposition 1. 

Theorem. — Of aU eqtial triangles on the same base, thai 
which is isosceles has the minimum perimeter. 

Let ABC be an isosceles triangle, and DBC an equal tri- 
angle on the same base ; then the perimeter of ABC will be 
less than the perimeter of DBG. 

Produce BA, making AE = AB ='AC Join CE; also DA, 
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and produce it to F; join DE, Because the triangles DBG, 

ABC are equal, DF is parallel to BC. 

.'.EAF^ABCemd FAC-^ACB; 

r.EAF^CAF; also AEF = AGF, 

and AF is common to the triangles 

EAF and CAF. Hence EF = CF, 

and the angles at F are right angles. 

Then in the triangles DEF, DCF 

DF, FE, and DFE are equal to DF, 

FC and DFC, each to each ; therefore 

DE=Da UenceBD+DE^^BD+DC; hvLtBE<BD+DE; 

.*. BA+AC<BD+DC; and this is true no matter in what 

point of the line DF, D be taken. Hence BA+AC is a 

minimum. 

€k>roUary. — Of all equal triangles, that which is equilateral 
has the minimum perimeter. 
• For it must be isosceles, whichever side is taken for a base. 

Proposition 2. 

Theorem. — Of all isoperimdric triangles on the same base, 
(hoi which is isosceles is the maximum. 

Let ABC be an isosceles triangle, 
and let DBC, on the same base BC, 
have an equal perimeter ; then A AB C 
>ADBa 

The point D will fall between the 
parallels BC and EF. 

For, if it fell on -EF, the triangles could not be isoperimetric 
(Prop. I.);* still less could they be so if it fell above EF; 
hence it falls below EF, and the area BDC is less than the 
area BAC. 

Corollary. — Of all isoperimetric triangles, that which is 
equilateral is a maximum. 

* References such as this are to propositions in Modern Geometry 
Others are referred to as heretofore. 
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Proposition 3. 

Theorem. — Of all triangles having two sides eqval, each to 
each, that which has these sides at right angles is the maximum. 

Let AB, BCf at right angles to each 
other, be equal, each to each, to DB, 
BC, not at right angles to each other; 
ABC IS greater than DBC. 

Draw the altitude DE; AB is greater 
than DE; hence ABC is greater than 
DBC 




Thearem,- 

maximum. 



Proposition 4. 

'Of aU isoperimetric figures, the eirele is the 



. 1. The given maximum figure must be convex ; that is, a 
line joining any two points of the 
perimeter must fall inside the perim- 
eter. For, if EA CB be a figure not 
convex, for the part A CB could be 
substituted the convex line ADB of 
equal length, which would increase 
the area of the figure without in- 
creasing the perimeter. Hence, any 
figure not convex cannot be a maximum. 

2. Let ABCD be the maxi- 
mum figure. Draw A C bisect- 
ing the perimeter ; it will also 
bisect the area. For, if not, 
let ABC be greater than ADC; 
then a line equal to AB C could 
be substituted for -4i)C, which 
would, with an equal perim- 
eter, cut off* a greater area. But 
ABCD was, by hypothesis, the 
21 Q 




242 



MODERN GEOMETRY. 



maximum. Hence, the area is 
bisected by AC. 

Also, take any point B in 
the perimeter ; the angle ABC 
is a right angle. For, if not, 
draw BE at right angles to 
BC, making it equal to BA, 
and on it describe a segment 
equal to the segment on BA. 
Then (Prop. 3) the triangle 
EBC is greater than the triangle ABC; hence, the whole 
figure EFBOC is greater than the whole figure AHBOC; 
and if symmetrical figures be described on the opposite sides 
of EC and A C, the figure on EC would be greater than the 
figure on AC, But they have equal perimeters. Hence, 
ABCD is not a maximum, which is contrary to the hypothesis. 
Therefore, ABC is & right angle. 

Now, B is any point of the perimeter; hence, ABCD is a 
circle, and -4 C its diameter. 




Proposition 5. 

Theorem. — Of all equal figures, the circle has the minimum 
perimeter. 

Let ^ be a circle, and B 
any other equal figure ; then 
^he perimeter of A will be 
less than the perimeter of B, 

Let C be a circle having 
the same perimeter as B ; then 
(Prop. 4) C>B\ .', C>A', 
hence, the circumference of 
C is greater than the circum- 
ference of A ; therefore, also, 
the perimeter of JB is greater than the circumference 






of ^. 
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Proposition 6. 

Theorem* — Of aU isoperimetric polygons having the same 
number of sides, the regxUar polygon is the maximum. 

1. The maximum polygon must be 
equilateral ; for, if not, an isosceles tri- 
angle, ABC, could be substituted for 
ADC of equal perimeter, and which 
would be greater (Prop. 2), and thus 
the area of the polygon would be in- 
creased without changing tJie perimeter. 

2. The maximum polygon must be such as to be inscribed 
in a circle. For, let F, P' be equilateral polygons of the 
same number of sides, 
of which P is inscribed 
in a circle. On the sides 
of P' describe segments 
of circles A!Pl C , etc., 
equal to the segments 
ABC, etc. The whole 
figure A!S C", etc., thus 
formed, has the same 
perimeter as the circle 

about P, and is therefore (Prop. 4) less than the circle. But 
the segments being equal, P must be greater than P'. 

Hence, the maximum polygon, being equilateral and inscrip- 
tible, is regular. 




Proposition 7. 

Theorem. — Of aM isoperimetric polygons^ iJiai which has 
the greatest number of sides is the greatesL 

Let P, Q he regular polygons of four and five sides, and 
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having equal perimeters. Take any point C in AB. 

P may be considered as an 

irregular polygon of five 

sides, AC, CB being two. 

Hence (Prop. 6), P is less 

than Q. 

In the same manner, Q 
may be proved less than an 
isoperimetric regular poly- 
gon of six sides, and so on. 



Then 




SECTION IV. 
TBAN8TEB8ALS. 



DiJFIJV'ITIOJ^S. 

1. A transversal is a line cutting a system of lines. 

2. A complete quadrilateral 

is the figure formed by four straight 
lines intersecting in six points, as . 
ABCDEF. 

3. The diagonals of a complete 
quadrilateral are the three lines 
joining the opposite angles — ^viz. 
DB,AG,EF. 



4. If a transversal cut the three sides 
of a triangle (produced if necessary), there 
are formed six segments, of which any two 
about an angle, as Ac, Ah, or Ba, Be, are 
said to be adjacent, and any other two, 
as Ah, Ba, non-adjacent. 
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5. A line is divided harmonically when it is divided in- 
ternally and externally in the same 

ratio; thus AB is divided harmoni- f f f "? 

cally when 

AC : CB :: AD : DB, 

or, which is the same, when 

AC : AD :: BC: BD. 

6. C and D are said to be harmonic conjugates, as also 
A and B. 

Proposition 8. 

Thearefn* — If a transversal cut the three sides of a triangle, 
ihe product of three noiv^jacent segments is equal to the product 
of the other three. 

Let the transversal abc cut the three sides of the triangle 
ABO. 

Draw CD parallel to AB. ^ 

Then in the similar triangles a CD, aBe, 
aC : CD :: aB : Be; 
also in the similar triangles CDb, Abc, 

CD : Cb :: Ac: Ab; 
multiplying together the corresponding ^ ^ 

terms, 

aC : Cb :: aB.Ac : Bc.Ab; 
hence, aC. bA.cB-^aB.bC. cA. 



Proposition 9. 

Theorem. — If in ihe sides of a triangle {produced if neces- 
sary) three points be taken, so that the product of three nonr 
adjacent segments be equal to the product of the other three^ these 
points will be in one straight line. 

21* 
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Let the three points a, 6, e be taken in the sides of ABCy 
so that 

aC.hA.cB^aB.bC.cA\ 
then will ahc be a straight line. 

For if not, let abfi be a straight 
line, then (Prop, 8) 

aC.hA.dB'^aB.hC.eA. 

But (Hyp.), 

aC.bA.cB^aB.bC.cA, 

whence, by division — ~- =• — — ; but this can only be true 
cB cA 

when tf coincides with c; hence a6e is a straight line. 



Proposition 10. 

Theorem. — The three lines drawn from any point in Ae 
plane of a triangle to the three angles, and cvisUng the opposite 
sides (^produced if necessary), will cut them so that the prodwi 
of three non-adjacent segments is equal to the product of three 
others. 

Let the three lines, A Oa, BOb, COc, be drawn through the 
luigles of ABC and any point, 0, in its plane, 

then aB.bC. cA^aC. bA . cB. 

Because the triangle ^ Cfat is cut by the 
transversal Bb, 

(Prop. 8), Ba.OA.bC^'BC.Oa.bA. 
Also because the triangle ABa is cut by 
the transversal Cc, b" 

CB. Oa.cA^Ca.OA.cB. 

Multiplying these together, we have 

aB.bC.cA^aC.bA.cB. 
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Proposition 11. 

Theorem, — If three points be taken on the aides of a tri^ 
angle, so that the product of three non-adjacent segments is equal 
to the product of the other three, the three straight lines joining 
these points with tlie opposite angles vdll pass through the same 
point 

The proof is similar to (Prop. 9). 

From the last theorem the following propositions may be 
proved : 

i. The three lines drawn from the angles of a triangle to Hie 
middle points of the opposite sides intersect in the same point. 

2. The three lines drawn bisecting tlie angles of a triangle 
intersect in the same point. 

S. The three perpendiculars drawn from the angles of a trL 
angle to the opposite sides intersect in the same point. 

Proposition 12. 

Theorem. — In a complete quadrikUeral each diagonal u 
divided harmonically by the other two. 

Let the diagonal EF be cut by the diagonals A C, BD in P 
and Q ; then will 

FE : PF :: QE : QF. 

Because the transversal QDB cuts the triangle AEF, we 
have (Prop. 8) 

QE.DF.BA=QF.DA.BE. 

Because the straight lines CA, 
CF, CE cut the opposite sides of the 
triangle AEF, we have (Prop. 10) 
PE.DF.BA^PF.DA.BE. 

Dividing one of these equations 

, . . PE PF 

by the other, -^=-^, 
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whence PE : PF :: QE : QF; hence EF is divided har- 
monically in P and Q, 

The same may be proved of either of the diagonals A C, BD. 



Propositioii 13. 

Theorem. — The middle points of the three diagonals of a 
complete quadrilaieral are in the same line. 

Let Ly M, N he the three 
middle points of the diagonals 
AQ BD, EF. LMN is a 
straight line. 

Bisect the sides of the tri- 
angle BCE in G, H and K. 
The line HK will be parallel 
to AE, and will meet AC m 
L; similarly, GH will pass 
through N, and GiT through M. 

Considering FDA as a trans- 
versal of the triangle EBC (Prop. 8), gives 

EA.BF.CD = ED.BA.CF. 

Taking the half of each of these lines, 

HL. ON.MK^ OM. KL.HN. 

Hence, LMN may be considered a transversal of the tri- 
angle 6HK, and is a straight line (Prop. 9). 
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SECTION V. 
ANHABHONIG AND HABHONIC RATIO. 

DEFIJflTIOJfS. 

1. The anharmonic ratio of four points is the quotient 
obtained by dividing the ratio of the distances of the first two 
from the third, by the ratio of the distances of the first two 
from the fourth. 



A B C D 

I I I I 



Thus, the anharmonic ratio of the 
four points J., J5, C, D is 

AC^AD 



and is denoted for brevity by lABCD}, 

The anharmonic ratio IBGAH] would be ■— - -«- -— , 

2. If the anharmonic ratio of four points be equal to unity, 
they are said to be in harmonic ratio. 

-,, .. AC AD . AC AD 

Thus, if + = 1, or = . 

BC BD ' BC BD' 

A, By Cf D are harmonic points, which agrees with Def. 5, 
page 245. 

3. A pencil is a system of straight lines diverging from a 
point. 

. 4. A ray is one of these diverging lines. 

5. The vertex of the pencil is the point from which they 
diverge. 
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Proposition 14. 

Theorem. — The anharmonie ratio of a system of points is 
not changed hy interchanging two of the points, provided the 
other two points he also interchanged. 

For [^^^^3-^-^ 



also, 

Hence, also, lABCD^ 



f^-^-i-S'S 



BC.AD* 
AC.BD 



BC.AD 
IBADC^ = [CDAB] - IDCBA^ 



Scholium. — ^T^here are twenty-four ways in which these 
four letters may be arranged; hence there are six different 
anharmonie ratios which may be formed from them. 

Proposition 15. 

ITiearem. — if a pencil of four rays be cut by any two trans- 
versals, the anharmonie ratio of the four cutting points of one 
transversal is equal to the anharmonie ratio of the four corre- 
sponding points of the second. 

Let OMy ON, OP, OQ be four 
rays, and ABCD, A' ECU 
any two transversals ; then will 
[ABCD']'-[A!EaD']. 

From B and S draw Ba, 
Sb parallel to -40, cutting 
OC" in c and d. 

From similar triangles CA 0, 
CBc, and also DA 0, DBa, 

CA : CB :: OA : cB, 




and 



DA: DB :: OA : aB. 
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Dividing one proportion by the other, 

CA DA rj»/im «^ 

-CB^DB^ or lABCD^^-. 



Similarly, 


lA'Bciy^y^ 


But 


eB dB 
oB bB" 


hence, 


UBCD}-lA'B'C'£ir\. 



Schoiiufn. — ^The anharmonic ratio of a pencil of four rays 
is the anharmonic ratio of four points cut from the rays by 
any transversal. The angles of a pencil are the six angles 
formed by the four rays with each other, taken two and two. 
Hence, the values of the anharmonic ratios of two pencils are 
equal, when the rays make equal angles wiih each other , each to 
each. 

The anharmonic ratio of a pencil is represented by 
lO-ABCDl 

Fropositioii 16. 

Uiearem. — if four points be taken in the circumference of 
a circle, and lines he drawn to any other point in the drcuwr 
ference, the anharmonic ratio of the 
pencil is the same, whatever the position 
of the fifth point. 

For the angles at and (7 are equal ; 
hence (Prop. 15, Sch.), 
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Preposition 17. 

Theorem* — If the centre of a circle be joined wiih the paints 
of intersection of four fixed tangents with a fifth tangenty the 
anharmonic ratio of Uie pencil formed is the same, whatever be 
'the position of the fifth tangenL 

Let four tangents touch the circle in A, B, C, Z>, and inter- 
sect a fifth tangent in E, F, O, H; then will lO-EFOHJi be 
the same, whatever the position of EFOH. 

For the angle EOK is 
one half A OK, and FOK 
is one half BOK; there- 
fore EOF is one half the 
fixed angle AOB, and is 
therefore constant, what- 
ever the position of EFOH^ 
The same may be proved 
of FOG and GOH. Hence 
the anharmonic ratio of the 
pencil is the same, whatever 
the position of EFOH. 




Proposition 18. 

Problem. — To divide a straight line harmonically m a given 

ratio. 

Let AB be the line and 
M : N the given ratio ; it is 
required to divide AB har- 
monically in the ratio Jlf: N. 
Lay off in any direction 
AE^MmdEF-'EO^N. 
mu OB, FB, and draw£Z>, 
[£7 piirallel to them. 

^ proven that 

V.BCixAD 




IV ; BC 
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SchoHutn. — If any point not in AB be taken, and a pencil 
of four rays drawn through J., C, B, Z), it is said to be a Aar- 
monic pencil. 

Proposition. 19. 

JPi^blefn. — To find the hem of all points whose distances 
from two given points are in a given ratio. 

Let A and B be the points, and let M : N he the given 
ratio. 

Divide (Prop. 18) AB ^-^^ 

harmonically in C and D ; 
on CD describe a circle. 

The circumference of this a^^^^^— "d^ — ^""^^ ^-^ 

circle will be the required 
locus. 

Take any point, P, and 
join FA, PCy PB, PE, and PD. Because AB is divided haiw 
monically in C and D, 

AD : AC:: BD : BC, 
or, AE^EC : AE-EC : : CE+EB : CE-EB; 
hence, (IV. 11), AE : EC :: EC : EB, 
or, AE : EP :: EP : EB. 

Therefore the sides about the common angle E of the tri- 
angles AEPy BEP are proportional ; hence the triangles are 
similar, and the angle BPE is equal to A. 

Also ECP = CA P+ CPA, and its equal 

EPC^EPB+BPC. 
But EPB=CAP) .'.APC-^BPC, 

and (V. 3), AP: PB :: AC : CB :: M : N. 

But P is any point of the circumference; hence the circum- 
ference is the required locus. 
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CkytoUary 1. — Because CPD is a right angle, and PC 
bisects the angle APB, PD must also bisect ihe angle BPF. 

Coronary 2. — If the angles APB, BPF be bisected, then 
AB is divided harmonically in C and D ; and, conversely , if 
AB be divided harmonically in C and D, (he angles APB, BPF 
will be bisected by PC and PD. 



SECTION VI. 
POIE AND POLAR IN THE GIBGLE. 

DEFIJ^ITIOJfS. 

If from a point, 0, without the circle ABD, the secant GAB 
be drawn, and C, the harmonic conju- 
gate of with respect to A and J5,be 
taken, then the locus of C, as GAB 
revolves about 0, is called the polar 
of the point G ; and G is the pole 
of this locus. 




Proposition 30. 

Theorem. — The polar of a point is a straight line ai right 
angles to the diameter through the point. 

Let G and C be harmonic conjugates with respect to A and 
B on the circumference ABD. Draw CF at right angles to 
the diameter DE\ and on OC describe a semicircle passing 
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through F. Join BFy and let it cut the circle in O ; join 
AF, BD, BE. 

Because AB is divided 
harmonically in O and 
O, and i^ is a point of 
the circumference OFC, 
OF bisects (Prop. 19, 
Cor.2)^JPG; and D^ 
is a diameter ; hence the 
arcs AD, DO are equal, 
and consequently the 
angles OBD, DBF; 
hence, also BE, drawn 
from B in the circum- 
ference DBF, bisects 
FBH, and therefore Oi^ 
is divided (Prop. 19, 
Cor. 2) harmonically in D and E, and F is the harmonic con- 
jugate of O. 

Hence F is a fixed point, and C is always in the perpen- 
dicular to OE through F; therefore CF is the polar pf the 
pole 0. 

Chrottary 1. — The radius of the circle is a mean proper- 
iioncd between the distances of the centre from the pole and the 
polar. 

For, because OE i OD :: FE : FD, 

as in last Prop., OK : DK : : DK: FK, 
or, OK.FK=DK'=^E\ 

CaroUary 2. — The pole and polar are on the same side of 
the centre ; if the pole he exterior, the polar is interior to the 
circle, and vice versd. 

CaroUary 3. — The polar passes through the p(nnt of contest 
of the tangent through the pole. 
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CamUary 4. — The polar of the centre is at infinity y and the 
polar of a point at an infinite distance passes through ike centre. 

Corollary 5. — The polar of a point on the circle is a tan- 
gent through tiiis paint. 




* Proposition 21* 

ITieorem. — The polars of all points of a straight line pass 
through the pole of that line ; and the poles of all straight lines 
which pass through a fixed point are in the polar of that point. 

Let AB be a straight line, 
O its pole with respect to the 
circle C, and D any point 
in it. COE is perpendicular 
to ^J5 (Prop. 20). Also (Prop. 
20,Cor. 1), CE.C(?'= CH\ 
Draw FO perpendicular to 
CD. From the similar triangles DCE, FCO, 
CE.CG=CD.CF. 

Hence CD. CF~ CH* and FO is (Prop. 20, Cor. 1) the polar 
of D. 

Hence the polar of any point, D, of the line AB passes 
through Of and the pole, O, of any line, AB, which passes 
through 2> is in the polar FO of the point D. 

Schoiiufn. — ^From this it results that if the angles of the 
polygon ABODE be the poles 
of the sides of the polygon 
MNOPQ, the angles of the 
second polygon are the poles 
of the sides of the first. Each 
polygon is said to be the re- 
ciprocal polar of the other 
with respect to the circle, which 

is called the directing circle. 
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If one polygon be inscribed in the circle, the other will be 
eircumscribed about it, the sides of the latter passing through 
the angles of the former. 

The angles of either may be determined from the sides of 
the other, or the sides of either from the angles of the other. 

A double set of theorems may be deduced, in which the 
properties relating to the lines of one may be converted into 
properties relating to the points of the other, and vice versd. 
These theorems belong principally to curves of which Ele- 
mentary Geometry does not treat, and will not be considered 
here. ' 



SECTION VII. 
BADICAL AXES. 

DEFIJflTIOJfS. 

1. The power of a point with reference to a circle is the 

rectangle of the segments of a secant n 

through the point, formed by the cir- 
cumference of the circle. 

Thus the power of P with reference to 
ABCDhPA.PB) oi P,\aPC.FD. 

2. Two circles cut each, other 
orthogonally when the radii to 
the point of intersection are at 
right angles to each other. 

That is, when A CB is a right 
angle. 

3. The radical axis of two circles is the locus of all points 
whose powers, with reference to the circles, are equal. 
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Proposition 22. 

Theorem, — The power of a point with refer enoe to a circle 
is equal to the difference of the square of the distance of the point 
from the centre of the circle^ and the square of the radius. 

1. If the point be external, 

AP.PB^(Y.27) 
FJD^^PC-CD'. 

2. If the point be internal, 
EF . FF= (V. 26) OF . FH 

^(iCH+CF%CH-CF) 

= cn'-^CF\ 

If the point be on the circumference, its power is zero. 

CoroUary 1. — If the point be external^ Us power is equal to 
the square of the tangent from it to the circumference. 

CoroUary 2.^-If tvm circles cut each other orthogoncdly, the 
square of either radius is equal to the power of its centre vnth 
reference to the other circle. 

Proposition 23. 

Theorem. — The radical axis of tv)o circles is perpendicular 
to the line joining their cerUres. 

Because the power of 
any point F with refer- 
ence to both circles is the 
same (Prop. 22), 

if r, / be the radii ; or, 

Now, draw FO per- 
pendicular to AB, and 
(I. 42), PF-P4«= OB"- 0^» = /'-r». 
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Hence, is a fixed point, and the radical axis is perpen- 
dicular to AB through it. 

CordUary 1. — If two drdea intersect or touch, their common 
diord or tangent is a radical aads. 

Corollary 2. — The ixingents drawn from any point in the 
radical axis to the two circles are eqaal to each other. 

Hence, if TT' be a common tangent, CT= CT ; and the 
radical axis may be found by bisecting two common tangents 
and joining the points of bisection. 

CoroUary 3. — The radical axis of two equal circles passes 
through the middle of the line through their centres. 



Propositioii 24. 

2%eorem. — The radical axes of three circles, taken two al a 
time, pass through the same point. 

Let A, B and C be three 
circles ; the radical axes of 
A and B and of B and C 
will meet in some point P. 

Now, because P is in the 
radical axis of A and B, 
the powers of P with refer- 
ence to A and B are equal ; 
hence, also, the powers of P 
with reference to B and C 
are equal; therefore the 
powers of P with reference 

to A and C are equal, and P lies in the radical axis of A 
and C, Hence, the three radical axes intersect in the point P. 

l>^nieion.— The point P is called the radical centre of 
the three circles. 
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SehoUwm 1. — ^If the centres of ^, £, (7 be in a straight 

line, the radical centre is at an infinite distance. 

SchoHum 2. — ^This affords an easy method of finding the 
radical axis of two circles. Draw a third circle cutting the 
two, and find the intersection of two common chords. This 
will be a point (Prop. 23, Cor. 1) in the radical axis, which 
may be drawn perpendicular to the line through the centres. 



SECTION VIII. 
CENTRES OF 8IHILITUDE. 

DEFIJflTIOJfS. 

1. The centres of similitude of two circles are the points 
in which the line join- 
ing their centres is 
divided in the ratio of 
the radu. • \ ^. \ 91 

Thus, if JK and i? 
represent the radii of 
the circles A and B, if 

AC: BCi: AC : BC ii R : R, 
then C is the internal, and C the external centre of 
similitude. 

CkyroOary. — If the two circles touch each other, the internal 
cejitre of eimUitvde is in the point of contacL 

Proposition 25* 

mearem. — A line through tfie extremities of two parallel 
radii of two circles passes through a centre of similitude. 
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Let A and B be two 
circles, and AD, BF 
and AD, BE be paral- 
lei radii ; if DF, DE 
be joined, they will cut 
AB m C and C, the 
internal and external 
centres of similitude. 

For AC : BC 

and AC : BC 




AD 
AD 



BF:, 
BE: 



R 
R 






Hence, C and C are the centres of similitude, 

CoroUary 1. — Any transversal through the centre of simili' 
tude is divided in the ratio of the radii. 

CoroUary 2, — Any tangent through the centre of similitude 
is divided in the ratio of the radii. 

CoroUary 3. — The line joining the centres is divided har- 
monically at the centres of similitude. 

DeflniHons. — ^The points E and D, as also M and JV, are 
said to be homologous with respect to each other ; and E 
and J\r, as also M and Z>, are said to be anti-homologOOS 
with respect to each other. If (7'JV, C'n be two secants, then 
Emy Nn are said to be anti-homologons chords. 

Fropositioii 26. 

Theorem. — The produd of the distances of a centre of simil- 
itude of two eircleSy from two anti-hom^ologous points, is constant. 

Let C" be a centre, 
of similitude of the 
circles A and B ; then 
C'E. CN is constant. 

Let the power of C" 
with reference to the 
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circle A, or C'D.C'N-P. Also (Prop. 25, Ck)r, 1), 

C^N JR 

— v^*^ — . Dividing the first by the second, C'D.C'M 

Now, D and M are anti-homologous points, and the second 
member of the equation is constant Hence the theorem. 

Corollary 1. — The anU-Jioinologoua chorda meet on the radir 
calaads. 

Let Em, Nn be anti-homologous chords meeting at O. 
Then, from the above, 

CE.C'N^C'm.C'n; 

hence (V. 27, Cor. 3), E, m, n and N are on the circumfer- 
ence of the same circle, and Em is a common chord of this 
new circle and the circle B ; hence (Prop. 23, Cor. 1) it is a 
radical axis of these two circles. For the same reason Nn is 
a radical axis of the new circle and the circle A, Hence, 
is the radical centre of the three circles, and OP (Prop. 24) 
the radical axis of A and B. 

CoroUary 2. — The extreme positions of the chords (that if, 
when they become tangents) also intersect on the radical axis. 



Propositton 27. 

Theorem. — If three circles be given, and considered, taken 
two ai a time, as forming three pairs — 

1. The external centres of similitude of Ihe three pairs are in 
a straight line, 

2. The external centre of similitude of any pair, and the 
infernal centre of similitude of the other two pairs, are in a 
straight line. 

Let A, B and Che three circles, C", C", C", their external 
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centres cf similitude, taken two and two; S and S\ two 
internal centres of similitude; then will C*C"C*" be a 
straight line, as also /S, S\ C\ 




1. From (Sec. VIIL, Def. 1), calling B, i?, JB" the radii 
of A, B and C respectively. 



C'A B 



C'A R ' 



a"B R 

C'"C R' 



C'B R' 

Multiplying these together, 

a A . G"C. C'"£= C'B.C'A . C"C. 

But CC"C is a transversal cutting, the sides produced of 
the triangle ABC; hence (Prop. 9), it is a straight line. 

2. Also, 



SA R 


'S'G R' 


C'B R 


SC iJ"' 


S'B R ' 


C'A B 



Hence, SA.8'C.C'B = 8C.8'B.C'A, 

and (Prop. 9) S, S' and C are in a straight line. 



264 



MODERN GEOMETRY. 



In the same way, S*\ S, G"' is a straight line, and also 

neftnUkms.— The line C'C'C" is called the external 
axis of similitude ; and C\ 8\ S is called the internal 
axis of similitude. 



Proposition 28. 

Theorem* — If a circle Umch two other cirdea, the chord of 
contact will pass through a centre of similitiide. 

Let the circle A touch the 
circles B and C in a and b. The 
chord ab will pass through S, a 
centre of similitude of B and C. 

The lines AC, BA will pass 
through the points of contact, 
b and a. Produce a5 to c ; join 
Cb, Bd. Then, because the isos- 
celes triangles Bda, Ocb, Aba are 
similar, the radii jBa, Cb are 
parallel. Therefore the chord ah 
passes through (Prop, 25) a centre of similitude /& 




Itobiem*' 

circles. 



'To 



Proposition 29. 

describe a eirde iangeni to three given 



There may be eight circles tangent to the three circles — 
one touching all three externally, one all three internally; 
and three other pairs, one of each having internal contact 
with one circle, and external with two ; and the other having 
internal contact with two, and external with one. 

Let A, B, C be the three given circles, C'C'C" the 
external axis of similitude. 
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Suppose the problem solved, and let aa\ bb\ ed be the three 
chords of contact of the circles M and JV. 

We will prove — 

1. That these chords pass through the radical centre of the 
three given circles. 



nH 



. For, a being an internal centre of similitude (Sec. VIII., 
Def. I., Cor.) of the circles A and M, and a' of A and JV, 
the chord da' will pass through (Prop. 28) the external centre 
of similitude of the circles M ani N. For the same reasons 
will also bV and ce\ Hence, they meet in R. Also (Prop. 28), 
ah, dV will pass through the external centre of similitude 0' 
of the circles A and -B. Hence, aa', bV are anti-homologous 
chords (Prop. 25, Def.), and their intersection J? is (Prop. 26, 

23 



266 MODERN GEOMETRY. 

Cor. 1) a point in the radical axis of A and B, For the same 
reasons it is in the radical axis of B and C, and of A and C, 
and is therefore the radical centre of the three circles, 

2. Each of the chords <ia\ hh\ ad contains the pole, with 
reference to its own circle, of the external axis of similitude 

For, since R is in the chord of contact of the circle A with 
the circles M and JV, it is ( Prop. 28) a centre of similitude of 
M and JV. Hence the two chords aft, a'V are anti-homologous, 
and their point of meeting, C", is (Prop. 26, Cor. 1) a point of 
the radical axis of the circles M and N. 

Similarly, it could be shown that this radical axis passes 
through C" and C", and therefore agrees with the external 
axis of similitude. Hence the line C" C" C" contains (Prop. 
26, Cor. 2) i>, the point of meeting of the two anti-homologous 
tangents Dh, Dh' ; that is, i> is the pole (Prop. 20, Cor. 3) of 
the chord bV with reference to the circle B ; hence (Prop. 21) 
the chord bV contains the pole of the polar C" C" C" with 
reference to the circle B, Also aa!, cc' contain the poles of 
CC'C" with reference to A and C. 

Consequently, we have the following rule to solve our 
problem : 

Deteitnine the radical centre, jB, and the external axis of 
similitvde of the three circles, A, B, G; take, wUh reference to 
each of them, the poles P, P', P" of this axis, and draw the 
line^ RP, RP , RP'\ cutting the circles respectively in a and a', 
b and V, c and c' ; through the points a, b, c pass a circle; it 
will be the circle of internal contact; through dVd pass a circle; 
it will be the circle of external contact. 

By substituting for the external axis of similitude the in- 
ternal axes, the other tangent circles may be found in a sim- 
ilar way. 
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